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1  Introduction

Composites like investigated in the project are seen as an area of high growth in
the world, due to their intrinsic benefits and critical role in different industrial
sectors such as aerospace, land transport, marine and construction. Unfortunately,
the material data provided by the manufacturers do not contain all necessary
information to predict the behaviour of advanced composite structures with an
active control using different analysis tools. This is a reason why the present task
is focused on the development and validation of different identification technique
to characterise advanced composite material properties: elastic, plastic, hysteretic,
viscoelastic, piezoelectric and dielectric.

An identification technique and scientific and technical data developed in the
project are intended for the research laboratories, composite fabrication industry
and end-use markets like aerospace, land transport, marine and construction
industries. Results of the project will contribute to more intensive application of
advanced composites with an active control in different constructions leading by
this way to reduction of their weight, noise and vibrations as well as increasing
their life.
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2 Identification of mechanical material properties
An identification procedure is developed to characterise mechanical material
properties from indentation testing.

2.1 Parameter identification from uniaxial testing wusing numerical
optimisation

As an intermediate stage for determining material parameters through indentation
testing, the methods for parameter identification are developed for the case of
uniaxial testing in tension and compression. In this case, the calculation of the
stress-strain curves can be performed analytically, thus eliminating more time-
consuming finite element calculations during this stage. In this report, parameter
identification using a method based on numerical optimisation is treated.

2.1.1 Introduction

The material law under consideration is isotropic hypoelastic associative plasticity
with non-linear kinematic and non-linear isotropic hardening with additive split of
the strain tensor. The elastic part of the constitutive equation is governed by two
material parameters: (i) the Young's modulus E and the (i1) the Poisson's ratio v.
The plastic part is governed by five material parameters: (i) the yield stress oy, (i1)

the isotropic hardening modulus R, (iii) the isotropic hardening exponent b, (iv)
the kinematic hardening modulus Hy ;  and (v) the kinematic hardening exponent

Hnl' The state variables are the stress Oy The state variables are the stress oy, the

back-stress o, the plastic strain €, and the plastic arc length s. The yield
condition for the uniaxial case is

=

o.—a

X X

-0, —g[l—exp(—bs)] (2.1)

As we are considering a displacement-driven formulation, the independent
variable is the total strain .

In case of elastic deformation, the state variables are updated as

o' =’ +Es! ~¢) (2.2)
ol =a (2.3)
sh=g" (24)
1 _ 0

e, =&, (2.5)

In case of plastic deformation, an Euler-backward time integration scheme is used.
The update of the state variables is performed as

al=a’ exp(— \/anl (A/l)] +%|:] - exp[— \/anl (A/I)HNX (2.6)
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s'=5"+AA (2.7)
g =g’ +\/ZA/1N (2.8)
DX DX 2 X

The normal vector N is defined as

ol —3—x0 exp —1/3—Hnl(Ai)
2 op—a, _ |2 2 2
PN A Sl 2.9)
} 3 3

1

O'I—(XI 3 3

o "= x"exp| —.|—H (42
o-x 2x p 2 nl( )

and the trial stress " is defined as
r_ 0 10 (2.10)
o, =0, tE € — &y

The consistency parameter AL is calculated with a Newton-Raphson scheme using

I 3 3 H, 3
f=lo! —3x0 exp(— \/;HHI(A/I)J —EAA—\/;H—’;II:]—exp(—\/;Hnll
R (2.11)
-0, —;[1 - exp(— b(eg’x + A/I))] =0
and

a 9 3 3 3
——=—No. H —.|—H \41)|-E—-—H,, —.|—=H (44
dAA 4 xax nlexp( 2 nl( )J 2 kmexp[ 2 nl( ) (2 12)

- Rexp(— b(gg,x + Ai))
2.1.2 Error function
An error function is defined as the sum of squared differences between
experimental and computed data. Assuming that the experiment is displacement
driven, the independent variable is the total strain. The error function = is based
on the stress.

T \ ) v \ I 2
[G‘ | Ltk_,l—fr LKk, QL K; ,ij‘,tf}l] (2.13)

—
- =
—

N
k 1

with the state variables

g=lo.a.¢,.s) (2.14)
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and the material parameters

x=(o,R.b,H,,, H,,E) (2.15)

nl?

The gradient of the error function is given as

s dfﬂKl, |K|,Lkll,c |
d =—ZZ[UILtI—UIK,,QIK,,Lt cl] iR ! (2.16)

dk, k 1

n

Using the Gauss-Newton optimisation method, the Hessian matrix is required.
Differentiation of Eq. (2.16) gives

2g Noeoooo ; . d? fJ'|K|, IK,,Lk,,Lkl
d”5 =—22[t?|tf:l—frl'l<i,qlki,Lf:l,clfl] a A
drdx, EREE drdk; (2.17)
%dfﬂk’l,qlkl,tt,,f_t]df!’|K|,q|K|,f_tk,,Lk]
42 ;
d K, dk,

This matrix is not necessarily positive definite. Neglecting the first term to avoid
the perturbations caused by the direct approximation error of the stress, the
Hessian is replaced by the matrix

:2%‘ da(icl,q(lcl,e ) )do-(Ki’q(Ki’gtk)’gtk) (2.18)

K, dx;

From equations it can be seen that the gradient has to be evaluated at each
available data point, i.e. for each value of total strain.

2.1.3 Calculation of the gradient

Plastic loading

According to [2.1-2.3], four constitutive equations are formed inserting Eq. (2.7)
into Egs. (2.6 and 2.8) together with Eq. (2.1):

G,=o0,—0,—FEe, +E¢ +Ee =0 (2.19)

G,=al -a exp( \/7H sh—s’ ) %{I—exp(—\/%f]nz(sl_sa)]!(2.21)

-0, —%[l - exp(— bs' )] =0 (2.22)

G, =

The total derivatives of the constitutive equations is
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dG, _0G,  0G, dg; , G, dg;

: b (2.23)
de, Ok, O0q, dk, 0q; dx,;

As the constitutive equations G; are by definition always zero, the total derivatives
of G are also zero.

0G, , 0G, dg| , G, dgj _

: : (2.24)
Ok, 0q, dx; Oq, dk,

Transformation of Eq. (2.24) yields a recursive equation for calculating the total
derivative of the current state variables with respect to the material parameters

I ! 0
dq, _ [ 0G, oG, N 0G, dq, (2.25)
dx oq! Ok, oq; dx;

J

The total derivative of the stress with respect to the material parameters is the first
row of the matrix obtained from Eq. (2.25).

To solve Eq. (2.25), the partial derivatives of the constitutive equations have to be
calculated. However, most elements are zero. For the partial derivative of the
constitutive equations with respect to the current state variables, the non-zero
elements are

% (2.26)
80
G _g 2.27)
O’
DX
oG (2.28)
Gep,x
oG, __ 3y (2.29)
Os’ 2 "
5G3 oy (2.30)

58@:( ZN]( Hn,exp[ f H (s ] @31
9, \/ZN (2.32)
80
G, _ 3 \F (2.33)
aG

854 = —Rexp( bsl) (2.34)
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For the partial derivative of the constitutive equations with respect to the state
variables at the beginning of the increment, the non-zero elements are

ZS; - (2.35)
G, __ (2.36)
a 0
gp,x

oG, _ \/EN (2.37)
0s’ 2 "

3
ZG(f (fj k’”N](Hnlexp[ \/7H s'—s’ ] (2.39)
s

For the partial derivative of the constitutive equations with respect to the material
parameters, the non-zero elements are

0C) _ gl +el +e", (2:40)
OE ' P
oG, __N, {I—exp[— 3—Hn,(s1 —s" )J:l (2.41)

aH kin

H,
86]-([; 32(s1 s )aexp( \/7Hn, - j

(2.42)
H, N 3 3
+;[—n21{1 - exp(— \/;an (S] —s’ )](1 +\/;an (sl -5’ )ﬂ
%G, _ -1 (2.43)
oo,
oG, _ exp(— bs' )— 1 (2.44)
OR b
%G, _ £;[] - (] +bs’ )exp(— bs' )] (2.45)
ob b
Elastic loading
Egs. (2.2-2.5) are transformed to give the four constitutive equations
ol —o! - Est{x + Esfx =0 (2.46)
ol —a = (247)
s'—s"=0 (2.48)
e —e, =0 (2.49)
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The partial derivative of the constitutive equations with respect to the current state
variables is given as

oG

YU g
oq;

4x4

(2.50)

The partial derivative of the constitutive equations with respect to the state
variables at the beginning of the increment is given as

oG,
5{;:_14"4 (2.51)
J

All partial derivatives of the constitutive equations with respect to the material
parameters are zero, except

% — (e ") (2.52)

Egs. (2.50 and 2.51), inserted into Eq. (2.25), give the recursive update for the
total derivatives for elastic loading as

dq[] _ dql.() 3 oG,
dic. dx. Ok,

J J J

(2.53)

2.1.4 Implementation

A subroutine was written to calculate the elasto-plastic stress-strain curves in an
incremental way. This function calculates the error function, the gradient vector
and the regularized Hessian matrix after each increment according to Egs. (2.13,
2.16 and 2.18) respectively. The gradient and the Hessian are stored internally,
and can be retrieved by functions required by the optimisation routine to provide
the gradient and the Hessian, respectively. The optimisation is performed using
the routine DBCOAH from the IMSL mathematical FORTRAN library. This
routine performs an optimisation with bounded parameters using the function
values, the gradient vector and the Hessian matrix [2.4]. For a better convergence
the parameter vector k in Eq. (2.15) is scaled with the scaling vector

x=(o,Rb,H,, H,E) (2.54)

For assessing the convergence properties, optimisations have been performed with
the IMSL routines DBCONF, which requires only function values and calculates
the gradient by a finite difference scheme, and DBCONG, which requires function
values and gradient values [2.4].

These three IMSL optimisation routines are quasi-Newton or modified Newton
methods. Boundary constraints are enforced using an active set strategy. The
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iterative solutions are computed via an unspecified line-search algorithm,
probably the Armijo line-search algorithm.

2.1.5 Assessment of the method

The implemented routine was tested performing a re-identification of material
parameters. For a given set of material parameters, a stress-strain curve with
tension and compression is calculated and serves as artificial experimental input
data. The optimisation-based identification routine is then run on this set of
experimental data with a different initial guess for the material parameters. The re-
identification is successful if the input material parameters of the experimental
data are recovered through the optimisation process.

Optimisation schemes relying on error function values only have not been
considered because these methods have bad convergence characteristics. It was
found that the recursive calculation of the gradient during the calculation of the
stress-strain curves in the optimisation process saves a considerable amount of
computing effort compared to a gradient calculated by a finite difference scheme.
For a finite difference gradient, the calculation of the gradient requires a number
of simulations equal to the number of material parameters. In addition to that, a
finite difference gradient is less accurate than an analytical or semi-analytical
gradient. It was found that an optimisation scheme relying only on the gradient is
converging slowly. The best convergence rates were achieved by using a modified
Hessian as stated in Eq. (2.18).

2.1.6 Further steps

In a next step, the optimisation-based routine is adapted in such a way that instead
of analytical calculation of the stress-strain curves, a finite element calculation
using the in-house finite element code is performed. Some changes in the
calculation of the derivatives have to be implemented [2.1], because of an implicit
influence of the material parameters on the total strains in the finite element
method.

2.2 Material parameter identification from tensile testing using neural
networks

According to Task 1.4 of the project CASSEM, a neural network-based parameter
identification routine has been developed for a uniaxial tensile/compressive test.
In the material model used, isotropic hypoelasticity is represented using two
parameters, the Young's modulus and the Poisson's ratio. Plasticity incorporates
nonlinear isotropic and nonlinear kinematic hardening, involving 5 parameters,
the yield stress, the linear parameter for both kinematic and isotropic hardening, ¢
and R, respectively, and the nonlinear parameter for both kinematic and isotropic
hardening, b and B, respectively.

2.2.1 Implementation

It should be noted that the Poisson's ratio is not to be identified, because use is
made of the stress and the axial specimen displacement only for input in the
identification routine. This limits the number of free parameters to six.
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E o R B ¢ b (2.55)

Based on [2.5], several neural networks have been developed for identifying the
material parameters from the stress-strain curves. The implementation is based on
MATLAB [2.6]. The networks were trained using a training set comprising 100
different stress strain curves. The parameter sets have been chosen in such a way
to obtain a space-filling Latin Hypercube design according to Audze/Eglais [2.7].
The stress-strain curves have been calculated using a numerical implementation of
the uniaxial test [2.8,2.9], with a loading cycle consisting of 10 increments and an
unloading cycle of 20 increments. The stress-strain curve was modelled as a
displacement controlled experiment, with nominal strain amplitude of +/- 2%. As
a Bayesian rule-learning scheme was used for calculating the weights and offsets
of the neural networks, no training or validation sets were required. However, a
validation set of 20 stress-strain curves, also chosen from a space-filling
hypercube design, with the parameter range reduced by 10 percent, was used to
check the quality of the neural network approximation.

From the experiments, the axial stress and the total strain are used:

o, and &, i=12..,30 (2.56)

1

The networks are feed-forward networks made up of one input layer, one hidden
layer with the logistics transfer function and an output layer with a proportional
transfer function. The following networks were used

Network 1
Used for obtaining the Young's modulus. The network has a 10-4-1 topology.

Inputs
xl=2-Tm0 = 10 (2.57)
050 =03
Outputs
1_ 050y
y, =42 (2.58)
: E(gzo — €39 )

After calculation of the Young's modulus, the plastic strain can be calculated as

ef=e -2 | i=1..,30 (2.59)
E

The equivalent plastic strain is calculated as

Revision number: 2 -14- Restricted



CASSEM

i

5=

j=1

er—el)| =130, with & =0 (2.60)

From the plastic strains computed from Eq. (2.5), additional ordinates are
calculated. For the ascending, loading branch, the are

! =%st, i=1,.10 (2.61)

whereas for the descending, unloading branch, they are

—pu i .
g :8{304-%(83]30—8{30), i=1...,20 (2.62)

1

For these values, the corresponding stress values are computed, for each segment
separately, by linear interpolation, which gives the values

- i=1, ..,30 (2.63)

Network 2
Used for obtaining the yield stress. The network has a 11-5-1 topology.

Inputs
2 _ 0,0y
x; =—A0 20 (2.64)
1 E(Szo _830)
=20 =0 1] (2.65)
059 =03
Outputs
y.,0
y=—2 (2.66)
019 =0y
Network 3

Used for obtaining the yield stress at the end of the tensile and compressive
loading segment. The network has a 44-4-2 topology. For the training set, the
following values are calculated:

k'=o"" +%[1 —exp(- s, )] (2.67)

kK=o +%[1—exp(— Ps3 )] (2.68)
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Inputs
3 01902
X (2.69)
1 E(gw 830)
o 2.70
X = (2.70)
0190 =02
=200 i=3..23 2.71)
019 =03
5_ &
x] =258 j=24,..,44 (2.72)
€19
Outputs
L (2.73)
010 =03
Network 4
Used for obtaining the kinematic hardening parameters. The network has a 50-8-2
topology.
Inputs
0
P2 (2.74)
1 k2
xl = 010" 03 (2.75)
039
k]
xi= o (2.76)
»,0
o =Tute Q2.77)
039
g, +o’°
X=—"——f, i=5..,21 (2.78)
T+
x'=—"2 =22, ..,50 (2.79)
O3
Outputs
3 2
—b—-(c—-1
Gty 250
Yi = »
O30€39
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. 2 & (2.81)
72 3 bey,

The values of £ are obtained through
&=k +a, (2.82)
Network 5

Used for obtaining the isotropic hardening parameters. The network has a 44-8-2
topology.

Inputs
AP 4. ap .
i= W —gn WL g Axi_ (2.83)
\/Ax,ﬁpnm —Ax " Ax" + R’ \/ijpnm —Ax " Ax2" + R’
c4 CNNades B
[t ==K" > [N°gn, doQ (2.84)
B=1 50
»,0
X, = g (2.85)
O
o, —oc”’
X, =—A—— (2.86)
O
s _ &y 2.87
o, =l (2.87)
€19
k]
Xl = = (2.88)
o’
- (2.89)
5 _ 09— 0y
x, =—A0r "0 (2.90)
“ E(‘910 330)
Outputs
1 _ y,0
¥l = _k_aj (2.91)
Rs
e k' =o"")p (2.92)
? R

2.2.2 Results

The efficiency of the method has been assessed using artificial stress-strain curves,
obtained by finite element modelling, where the material parameters, which are
obviously known, are shown in Table 2.1. The parameters identified from
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Table 2.1 Material parameters of the test case.
Parameter Original
E (MPa) 209342.1
"’ (MPa) 479.7079

R (MPa) 7434211
B () 257.3158
¢ (MPa) 14539.47
b (-) 82,05

the stress-strain curves can then be compared to the true material parameters.
Stress-strain curves with random experimental noise levels with a magnitude
between 0 and 10% of the maximum stress have been used.

In a first test, the raw 'experimental' stress-strain curves have been used. In a
second test, stress-strain curves with 300 experimental points have been modelled,
a background noise superposed and the 30 experimental points required extracted
after digital filtering with the function

v, =0.0073x, +0.0147x,_, +0.0073x,_, +1.7433y, ,—0.7727y,_, (2.93)

Filtering has been performed in MATLAB using the filtfilt routine [2.6], which
processes the data series back and forth in order to compensate the out-of-phase
shift caused by filtering.

In a third test, the same 300-point curve has been smoothed using a neural
network. In this case, to avoid severe curve rounding, the curve has been split in
two parts: the loading branch and the unloading branch. Both parts were smoothed
individually using a 1-2-1 feed-forward neural network with Bayesian rule
training. The training set consists of the all the stress values of one part of the
curve. This way, the stress-strain curve can be approximated with a neural
network, and because of the low number of neurones in the hidden layer, a smooth
curve is obtained. In fact, this method is equivalent to a least squares fit, with the
difference that here, no analytical function is fitted.

In Table 2.2, the material parameters obtained by using the raw, 30-increment
stress-strain curve for input in the 4-5-4-8-8 neural network shows that
meaningful results are obtained until an error level of one percent whereas for
higher error levels, all identified parameters, except the Young's modulus, become
meaningless. It should be noted that even for the case of no background noise, an
error in the parameters between 5 to 10 % prevails. The error on the hardening
exponents is significant. In order to check the generalization properties of the
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Table 2.2 Curve modelled by 30 increments, noise superposed,4-5-4-8-8
hidden layer neurons in the five networks.

error 0 0.001 0.005 0.01 0.05 0.1
E (MPa) 219520 220380 222920 212600 204800 218910
c”’ (MPa) 459.868 459.4575 460.9331 488.5333 274.8332 1431.7
R (MPa) 9854.3 9981.2 5764.1 4794.8 9899.4 188710
B(-) 2774153  296.6475  256.928 185.1063 2.8968 -521.714
c (MPa) 16498 15974 18102 12360 -17976 23409
b(-) 93.2912  103.073 128.367 43.352  345.5176 130.9392

Table 2.3 Curve modelled by 30 increments, noise superposed, 3-4-3-7-7
hidden layer neurons in the five networks.

error 0 0.001 0.005 0.01 0.05 0.1
E (MPa) 214810 215460 216500 212820 196930 251230
c”’ (MPa) 466.7376  466.7991  432.5546 5059373  288.0023 1345.5
R (MPa) 655.5358  159.8378 47199 -2897 13466 183920
B(-) 220.9931  235.5878  184.3513  156.2908 16.4787  -335.123
c (MPa) 20227 20165 25470 13512 -8568 2062.2
b (-) 59.8718 63.4923 74092  144.9049  662.3312 3216,5

network, the same inputs and training sets have been used with network including
one neuron less in the hidden layer. As the identified parameters, included in
Table 2.3, are worsening, it can be concluded that the error in the 4-5-4-8-8
identification routine does not steam from overtraining.

In Tables 2.4 and 2.5, the results for the stress-strain curves obtained from the
300-increment modelling after filtering or neural network-based smoothing
respectively, are shown. The young's modulus and the yield stress are identified
within an acceptable tolerance, whereas large errors occur for the hardening
parameters, including physical meningless results, like a negative kinematic
hardening exponent, for example. These errors are probably due to a curve round-
off at the onset of yielding, which is distorting the yielding behaviour. From a
noise level of 5 % upwards, the hardening parameters are partially wrong by more
than one order of magnitude.
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Table 2.4 Curve modelled by 300 increments, noise superposed, filtered
and 30-valued curve extracted, 4-5-4-8-8 hidden layer neurons
in the five networks.

error 0 0.001 0.005 0.01 0.05 0.1
E (MPa) 217490 217390 217610 217100 210230 228690
c"’ (MPa) 456.2112  458.0104  453.1781  441.7448  405.4893  572.8224

R (MPa) 19111 19475 22204 36621 3130.1 -25987
B 4427967  457.5069  502.9022  574.1694  2.8407 418.5277
¢ (MPa) 17685 17356 18918 18884 57101 16983
b(-) 70.6507 67.4233 64.614 66.4393 51.2799 120.0666

Table 2.5 Curve modelled by 300 increments, noise superposed,
approximated by neural networks and 30-valued curve extracted, 4-
5-4-8-8 hidden layer neurons in the five networks.

error 0 0.001 0.005 0.01 0.05 0.1
E (MPa) 195010 195100 194960 196790 181650 208700
c"" (MPa) 452.8609  452.7742 4543716  456.4402 3959961 = 506.7566

R (MPa) 43951 44372 47371 42041 19275 -39446

B 401.8689  406.6028 441437  415.8203 62.7769 -764.592
¢ (MPa) 16767 16729 16724 16310 32398 11576
b(-) -64.5736 -63.6695 -66.5788 -47.5965 -148.308 -125.392

2.2.3 Identification with the optimisation method

The same three sets of curves have been used for the optimisation-based
identification procedure, developed in Task 1.4 of the CASSEM strep project. In
addition to that, the full 300-point curve has been used as experimental input. This
has been possible because of the small computational effort required in
homogeneous, uniaxial testing.

In Table 2.6, which represents the results for the raw 30-increment stress-strain
curve, it can be seen that the optimisation method can identify the material
parameters to good accuracy. However, like in the case of the neural network-
based method, from 5 % noise on, some parameters can not be identified any
more, in the present case the isotropic hardening parameters. It should be noted
that the optimisation-based results depend strongly on the initial guess. As can be
seen from Table 2.7, a small change in the isotropic hardening exponent leads to
totally erroneous isotropic hardening parameters from 0.5 % noise on.
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Table 2.6 Curve modelled by 30 increments, noise superposed,
optimisation method.

error 0 0.001 0.005 0.01 0.05 0.1 Init. Guess

E (MPa) 209342.1  209262.7 209849.1 209530.08 205351.9 208300 140000

o”® (MPa)  479.7089 481.0749 4833192 481,48 485.4553 4579189 300

R (MPa) 7433.536  6841.516 5779.32 7153.6305 1000 1728.287 15000

B 2573007 252.6262 2327458 238.16245 10 10 170

¢ (MPa) 14539.47 14587.81 14507.81 14290.074 14268.9 16213.65 20000

b (-) 82.0526 82.38818 81.23375 80.307374 83.2639 103.0184 120

Table 2.7 Curve modelled by 30 increments, noise superposed,
optimisation method, alternative initial guess.

error 0 0.001 0.005 0.01 0.05 0.1 Init. Guess
E (MPa) 209342 209262.7 206823.9 209530.08 205351.9 208300 140000
o (MPa) 479.7095 481.0747 491.7466 481.47586 485.4553 457.9189 300
R (MPa) 7433.195 6841.622 1000  7153.635 1000 1728.287 15000
B 257.2933 252.6287 10 238.16254 10 10 150
¢ (MPa) 14539.47 14587.81 13676.87 14290.074 14268.9 16213.65 20000
b(-) 82.05258 82.38819 79.71863 80.307374 83.26394 103.0184 120

In Table 2.8, the results for the filtered 300-increment modelled stress-strain curve
are shown. It can be seen that acceptable material parameters can be identified up
to the maximum noise level, with the exception of the isotropic hardening
parameters, which cannot be identified. The curve rounding through filtering also
influences the yield stress by several percent. In the case of the neural-network-
based curve smoothing, Table 2.9, the situation is similar, with the exception that
better values are found for the isotropic hardening parameter, which at least have
the right order of magnitude up to a noise level of 0.1 %.

In the case of the raw 300-increment stress-strain curve, Table 2.10, the
identification works well up to a noise level of 0.1 %. The accuracy is poorer than
for the raw 30-increment curve.

The stability of the optimisation procedure has been assessed choosing the true
material parameters for starting point. In case the final results is the same as with
a different starting point, the results can be considered as being stable. However, it
can never be proved that the results of the optimisation techniques yield the global
minimum of the cost function. These results, shown below in Tables 2.11-2.14,
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Table 2.8 Curve modelled by 300 increments, noise superposed, filtered
and 30-valued curve extracted, optimisation method.

error 0 0.001 0.005 0.01 0.05 0.1 Init. Guess
E (MPa) 197259.6 1972452 197098.7 199556.2 197543.2 203206.5 140000
"’ (MPa)  493.0778 493.1265 493.4042 498.0603 494.4649 476.1349 300

R (MPa) 1000 1000 1000 1000 1000 21433.82 15000
B 10 10 10 72.76645 10 541.2669 170

¢ (MPa) 13388.35 13386.16 13373.72 14086.71 13290.17 13212.15 20000
b(-) 82.8055 82.81586 82.71166 83.7042 83.4719 69.12956 120

Table 2.9 Curve modelled by 300 increments, noise superposed,
approximated by neural networks and 30-valued curve extracted,
optimisation method.

error 0 0.001 0.005 0.01 0.05 0.1 Init. Guess
E (MPa) 210829.2 210828.1 210644.5 210462.5 206364.7 210214.4 140000
c”’ (MPa) 487.4359 487.1762 487.3413 489.8591 497.7288 463.2701 300
R (MPa) 4311.94 4457.037 4618.569 4001.735 1000 33992.89 15000
B(-) 202.2453 205.8652 216387 208.722 46.57558 712.018 170
c (MPa) 14498.46 14490.67 14521.02 14390.09 14192.28 14003.88 20000
b(-) 81.85078 81.80757 82.10117 80.97356 83.91341 74.65325 120

Table 2.10 Curve modelled by 300 increments, noise superposed,
optimisation method.

error 0 0.001 0.005 0.01 0.05 0.1  Init. Guess
E (MPa) 209342.1 209318.7 209103.6 208866,4 207107.2 212111.1 140000
c”’ (MPa) 479.7081 479.4754 478.6347 480,31 492.3265 460.4975 300
R (MPa) 7434.076 7614.397 8492271 8253,45 1000 26240.89 15000
B () 257.3124 260.4211 283.3801 289,59 10 532.6251 170
¢ (MPa) 14539.47 14527.1 14553.06 14439,89 13826.11 14086.52 20000
b (-) 82.05263 81.99116 82.28247 81,33 82.24547 73.69858 120
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Table 2.11 Curve modelled by 30 increments, noise superposed,
optimisation method, true parameters used as initial guess.

error 0 0.001 0.005 0.01 0.05 0.1 Init. Guess
E (MPa) 209342.1 209262.7 209849.1 209530.09 207492.5 208300  209342.1
c”’ (MPa) 479.7078 481.0717 483.3178 481.47525 472.6208 4579189  479.7079
R (MPa) 7434.226 6843.496 5780.147 7153.9938 4003.893 1728.287  7434.211
B () 257.3157 252.6723 232.7672 238.17016 92.41481 10 257.3158
¢ (MPa) 14539.47 14587.82 14507.81 14290.077 14019.41 16213.64 14539.47
b(-) 82.05263 82.38828 81.23381 80.307399 78.52341 103.0183 82.05263

Table 2.12 Curve modelled by 300 increments, noise superposed, filtered
and 30-valued curve extracted, optimisation method, true
parameters used as initial guess.

error 0 0.001 0.005 0.01 0.05 0.1 Init. Guess
E (MPa) 199963.9 199937 199798.9 199567.2 199983.5 203206.5 209342.1
o0 (MPa) 497.4085 497.5079 497.843 498.0632 495.0588 476.1361 479.7079

R (MPa) 1000 1000 1000 1000 1000 21432.45 7434.211
B 65.8445 66.79462 67.96372 72.82441 32.86828 541.2485 257.3158
¢ (MPa) 14136.65 14141.81 14137.72  14086.7 13958.65 13212.15 14539.47
b (-) 83.99645 84.04661 83.98693 83.69878 85.23407 69.12954 82.05263

Table 2.13 Curve modelled by 300 increments, noise superposed,
approximated by neural networks and 30-valued curve extracted,
optimisation method, true parameters used as initial guess.

error 0 0.001 0.005 0.01 0.05 0.1 Init. Guess
E (MPa) 210829.2 210828.1 210644.5 210462.5 211581.7 210214.4 209342.1
o’ (MPa) 487.4355 487.1757 487.3406 489.8582 491.4365 463.2692 479.7079
R (MPa) 4312.127 4457278 4619.004 4002.203 2776.412 33994.13 7434.211
B () 202.2511 205.8726 216.4003 208.7381 132.5076 712.0302 257.3158
c (MPa) 14498.46 14490.67 14521.02 14390.09 14246.7 14033.88 14539.47
b (-) 81.8508 81.80758 82.1012 80.9736 81.62338 74.65325 82.05263
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Table 2.14 Curve modelled by 300 increments, noise superposed,
optimisation method, true parameters used as initial guess.

error 0 0.001 0.005 0.01 0.05 0.1  Init. Guess
E (MPa) 209342.1 209318.7 209103.6 208866,4 210320.6 212111.3  209342.1
o’ (MPa) 479.7079 479.4754 478.6348 480,31 484.5413 460.5168  479.7079
R (MPa) 7434.214 7614.403 8492.173 8253,7 4661.126 26209.56  7434.211
B () 257.3158 260.4212 283.3778 289,59 177.0258 532.1767  257.3158
c (MPa) 14539.47 14527.1 14553.06 14439,89 14446.23 14086.35 14539.47
b(-) 82.05263 81.99117 82.28247 81,33 82.51345 73.69748 82.05263

suggest that the identification works in quite a stable way for the present starting
values. It should nevertheless be kept in mind that initial values further away from
the solution can lead to convergence to a different local minimum, yielding totally
different and erroneous material parameters. This is the more likely the higher the
experimental noise is.

2.2.4 Identification with the classical response surface analysis

This analysis uses the stress-curves from the six parameter and 100 experiments
Audze-Eglais design of experiments. With the artificial 'experimental' curve, the
cost function, i.e. the sum of the squares of the difference between 'experimental’
and modelled curve, is calculated for the 100 available experiments. The
multidimensional response surface is constructed using either a quadratic or a
cubic approximation, involving 28 and 84 coefficients, respectively. On this curve,
the minimum of the approximated cost function is determined by optimisation
algorithm. This method is available in the EDAOPT program, obtained from the
Riga Technical University (RTU), Latvia.

It was found that the parameter identification through this simple response surface
analysis is poor. Results could be possibly improved by performing a multiple
response surface analysis (MARS). This technique consists of iterative response
surface analyses, where after each response surface analysis, a new set of curves is
modelled after reducing the size of the parameter range, centred at the minimum
found at the previous step. However, the computational effort is much higher than
in the optimisation-based technique. Therefore, investigations using this method
have been discontinued.

2.2.5 Conclusions

It was found that in the case of the filtered data series, the material parameters
identified are significantly influenced filtering or smoothing. This has to do with
the rounding of the curve at the onset of plasticity, where the curve is, in the case
of this constitutive law, non-smooth. In the case of filtering, some low-frequency
oscillations can be introduced, which also influence the results. This is the reason
why the results of this method are worse than those of the neural network-based
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smoothing, where no such oscillations are introduced. It has to be concluded that
in the present case, with a non-smooth constitutive law, filtering and smoothing is
not suitable for material parameter identification.

From the material parameter identification by the numerical optimisation method
and the neural network-based method, it can be concluded that for small
background noise levels, both methods tend to give acceptable results. The
Young's modulus and the yield stress are identified with good accuracy. However,
it should be noted that these parameters can be extracted graphically from the
stress-strain curve. For high levels of noise, the hardening parameters get more
and more influenced. The optimisation method has the advantage that at very
small levels of noise, the accuracy is very high, whereas with the neural network-
based method, significant errors can occur even for small noise magnitudes. This
is the reason why the optimisation method will be used throughout this project for
parameter identification through nano-indentation testing.

2.3 Material parameter identification for rigid indentation using an
optimisation method in finite element modelling with co-rotational
finite strain

After the development of a program for material parameter identification from

uniaxial tensile testing based on using an optimisation method with the gradient

calculated from a semi-analytical solution of the elastoplastic tensile test [2.10],

the same method is implemented using the in-house finite element code for

solving general multiaxial load cases. This is required for the CASSEM project, as
indentation testing produces multiaxial stress states. The gradient is calculated
during the incremental solution of the boundary value problem through finite
element modelling. The case of finite strains was included in the program by
using a co-rotational formulation [2.11]. The material law in question is isotropic
hypoelasticity with isotropic plasticity and non-linear isotropic and kinematic
hardening [2.12].

2.3.1 The material behaviour
Isotropic J2-flow theory is used with the yield function f

= —K =[¢|-k"=0 (2.94)

where ¢’ is the yield stress and & is defined through the stress deviator S and the
back-stress a as

¢ =S8 —ay (2.95)

The stress deviator S is defined using the Cauchy stress oj; as

o
S, =o, —%dj =PB,0, (2.96)

g y

using the projection operator P
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1 1

B = (5ik5j1 +5i15jk)_§5ij5kl =1Ly _3_5,;,-5kz (2.97)

ijkl

l\a|>~

The back-stress is a deviatoric quantity, i.e.
By, = a (2.98)

Isotropic hardening is given as

K’ = \E(Uy’o +%exp(— ﬂs)] (2.99)

where s is the plastic arc length. Kinematic hardening is treated using the
Armstrong-Frederick law

4 . 3 4
i =H, i — \/;Hnl ‘a (2.100)

The hypoelastic material behaviour is described using Hooke's law, with the Lamé
constants G and A

6, = (2GI,, +18,0, )t = Cpet! (2.101)

2.3.2 Stress update equations

The state variables at the beginning of an increment are characterized by a
superscript '0', whereas those at the end of the increment are characterized by a
superscript'l'. The mid-step configuration is characterized by a superscript "/2'. In
the rotation-neutralized coordinate frame, the update of the plastic arc length,
stress and plastic strain is performed using:

s'=s" +\/%Ag (2.102)

61=6,"+CyAey’—2GAgN; (2.103)
A1l __ A0 <!
€,i=€p;i TAIN; (2.104)

Here, the normalized tensor is defined by:

gﬁ Alj_&ilj ASIE_&t
—— = = 2.105
2T E K (2:109)

"
N

The update of the back-stress is performed as
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H,. . H. .
&;=6f exp(—H, Ag)+|1-exp(-H,Ag)] Hkm Ni=Qé&j+(1-Q) Hkln NG @100
nl nl
with
O=exp(-H,,4g) (2.107)

The yield function, Eq. (2.94), can be rewritten in terms of the state variables at
the beginning of the increment

fic,A _ _k°€ J.NAgE;TNjJ doQ2,

29

(2.108)
The plastic consistency parameter Ag is calculated from the yield function,
Eq.(2.108), using a local Newton-Raphson scheme. For the calculation of the

gradients, Eq. (2.105) is introduced into Egs. (2.103 and 2.106), which yields the
three equations required

P. oL —at
&5:6ij°+cimAéﬁz—zeAg—””i“‘y al (2.109)
Hy, P oy—&
A1l A0 kin " ijkd Y K ij

s1=s0+\/%zlg (2.111)

Eq. (2.110) can be transformed into

H_ KY H..1—
&= - Q &+ yk'“( Q P Ok (2.112)
HnlK +Hkin(1_Q) HnIK +Hkin(1_Q)

Inserting Eq. (2.112) into Eq. (2.109) gives

Gr=""r o..+§5ij &?rm+2GAé§{2+(A+3§(ze+3A)

5; A evzy AQ&S ] @.113)

_ 2G44g , (2.114)
Hany+Hkin(]_Q) .

2.3.3 The equations for gradient calculation
From Egs. (2.113, 2.114, 2.107 and 2.99) the following dependencies can be
determined
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ij Xij 2 €jj ,A,Q,A,G)

A= A(4g.K*,0,G)
0=0(4g)

K =K'(4gs")

From Egs. (2.115-2.118) the total derivatives can be determined

o (AxiAP - gn, )N 4 kiA g AxiAP ni
\/ Axn — Ax A" + R? \/ Axn — A A" + R?
dA 0A 0A dAAd 0A dK* 04 dQ 04 dG
=—+ + =t

dc Ok 04g dc OK” dx 0Q dk 0G dx
49 _20 , 20 dis
dk Ok 04g dx
dK* _ 0K’ 0K’ dAd  OK” ds’
dk ok 04g dx 05’ dx
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(2.115)
(2.116)
(2.117)
(2.118)

(2.119)

(2.120)

(2.121)

(2.122)

For the determination of the derivative of the plastic consistency parameter Ag
with respect to the material parameter, it has to be kept in mind that in the case of
plasticity, the yield condition, Eq. (2.94), has to be fulfilled independently of the

material parameters, i.e.

L/
di

The yield function, Eq. (2.108), gives the following dependencies
f=f(6°4Ae¥ Ag,Q,K,G]

Using

together with the property of the normal tensor [2.13]

A0 A1/2 A0 A0 A1/2 A0
S PijkI Oyt Pijkl CkImnAerm_QO(ij _ PijMUM+ZGPin A€y _Qo‘ij

P 6%+ P:C:AE2—Q40|  ||P:6°+2GP: AEY2—Q4)

it can be derived that

(2.123)

(2.124)

(2.125)

(2.126)
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df o f déj dAfs”2 dag R of\dG
— N —+2 QR 2N Aé
dx Ok " dk GN dk QN d GG dx
0f g 40|0Q, 0f 0K¥ ot oK’ ds
+Z=—N, & + =
0Q ) ok aKy ok oK'’ os® dk (2.127)

y A
+(af L Of aKY af Qo Ao)dAg 0

0Ag oK' oAg 0QoAg %] gy

Solving for the total derivative of the plastic consistency parameter with respect to
the material parameter yields

dAag 1 dag?
= _— 2.128
> Z(T +2GN;— (2.128)
with
dAO
=97 R Ny——L—QN; ——L+({2N; A&+ of)de
oK dx 0G| d« (2.129)
+ﬂ_N&98Q+8f oK” of oK’ ds '
0Q " "ok aKY 0k oK' 8s dk
and
of of oK of 6Q ¢ .o
= + + —N,
d0Ag oKYoAg 0Qaoag ! ’) (2.130)
Inserting Egs. (2.120, 2.121 and 2.128) into Eq. (2.119) yields
daot T! 2G o067 \dAg”?
g2, el J
Tt T 5 TNy toae7) d« (2.131)

with

T?:a&ta&;aQﬁ&;a_Aﬁ&; oA aKera&; A 0Q
" 0k 0Q 0k OA Ok OA oKY 0k OA 0Q Ok

dG (2.132)

+0 67 dam+861d&%+6éﬁﬂ+66; oA 0K dS a&;+a&§ oA
069 dk 945 dk  0A dk OA pKY 6 dk \0G  0A0G

dx

and
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s 007 80Q +a&;

s_ 0A 0K 0A 9Q , OA
"0Q aag oA

0KYO0Ag 0QJAg 0Ag

(2.133)

Using Eq. (2.128), the update of the derivative of the plastic arc length with
respect to the material parameter is

-
E_d_3+\/édﬂg (2.134)

dk dx 3 dk

and, using Eqs. (2.121 and 2.122) together with Eq. (2.128), the update of the
derivative of the rotation-neutralized back-stress with respect to the material
parameter is

d&) _0& 0&;ddy, 04 d&,; 0& dQ, 9& dK’ @.135)
dk Ok aa—okl dx a&a dk 0Qdk oKY dk '

The equations above have been developed for a single free material parameter. In
the case of several free material parameters, the equations remain valid, with most
of the calculations to be performed once for each free material parameter

It can be seen from Egs. (2.128 and 2.131), that the derivative of the strain
increment with respect to the material parameter is required for updating the
gradient of the state variables. This still unknown gradient can be determined as
described below.

2.3.4 Determination of the Gradients of the kinematic variables
Starting from the basic equation of non-linear finite element analysis

}/}A — fiA,[nt _f;A,ext — 0 (2136)
which, in the discretized form gives

aNA ext
= oA S =0 (2137)
Q -xj

For simplicity, we assume that the external force £ is independent of the solution.
As Eq. (2.136) is fulfilled independently of the material parameters, the derivative
of Eq. (2.137) with respect to a material parameter k yields

d [ oN
E[i_gax ,.deJ =0 (2.138)
J

In the undeformed configuration, Eq. (2.138) gives
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ON" d
—\F o, JdQ,)=0
| o oo 490 )= (2.139)
which can be expanded into
ON" [ dF,, , do dJ
JHE — YL J+F o dQ,=0 2.140
g{, oX m( ac dk m % dKJ ( )

Using the fact that the constitutive equation is formulated in rotation-neutralized
coordinates, with

o,=R04R, (2.141)

and regrouping Eq. (2.140) gives

dF‘1 L dJ
pfONT (R o R, 9% R LR, Ri)d =0 o

It can be shown that the derivatives of kinematic quantities with respect to a
material parameter have the same structure as time derivatives of these quantities

[2.14]. The identities presented in [2.15, 2.16] then read

dR;

C =Gy, (2.143)
d ﬁiiﬂz_ T4 (2.144)
j}i —J5, ") (2.145)
dgf __F%, (2.146)

with

. 0 dx,

O (2.147)

and
Th=RIM o RI%+ A0 RV2Gy, + R%G,, (2.148)
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T - ox! ox; N 8X? o/
ijkl 2 axk/z 8x1/2 5x/f/2 axiz/z

The tensors involved into the derivatives of the rotation tensor are ca
[2.15]

CASSEM

(2.149)

Iculated as

Gi]kl (erUjé m ]r) erF;o RksEr) (2150)
1 ox/
s =~ Gin =177 (2.151)
Inserting Eqgs. (2.143 -2.146) into Eq. (2.142) gives
oON*
Jax,, (60‘+50‘)|k|Jd.QO
2.152
oN* ) do (2152
3 x Giem lon 0w R”—i-RIk P R]|+R,k0' G“rm [, |dQ2=0
Q i
which can be regrouped into
ON” K
T (=0 1T int 0m T+ Giam G Ry + Ry 034 G jym ) T o d 2
o (2.153)
déy B
+f o Rk TRy d2=0
Introducing Eq. (2.131) together with Eq. (2.144) into Eq. (2.153) gives
oN” “Lim o d Q4+ =0 (2.154)
Q aXJ' J
with
“Lim=—010int 600 +Gjm0y Ry + R, 0, G
2G 06y g (2.155)
+ —T N T . .mR
R pa T M@ﬂf pamn © 3l
and
A -I-l
fr= R (TS TH|R, dQ (2.156)
Q ] Z
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Through the discretization

. ON*® dx®
b = ox, d}j (2.157)
Eq. (2.154) becomes
rewritten as
K22 xby 4= (2.159)

This equation, established and summed up for all pairs of nodes belonging to a
common element, gives the global set of linear equations, which after solving
gives the unknowns *x” .. Substituting Eqs. (2.144 and 2.157) into Eqs. (2.128 and
2.131), the rotation-neutralized Cauchy stress and the consistency parameter
gradients can be calculated from the nodal gradient *x”,,

dot T! 2G a&% B ox?
L=T2+—Ti+| =TI N, T —
daa _ 1|, J aNB dx
T +2GN T k 2.161
dx ( Mo, dlcj ( )

The gradient of the arc length and of the back-stress can be calculated using Eqgs.
(2.134 and 2.135) respectively after introducing Eq. (2.161) into Egs. (2.120-
2.122).

2.3.5 Procedure for the gradient calculation

The gradient calculation involves the update of the derivatives of the rotation-
neutralized Cauchy stress and back-stress and of the plastic arc length with respect
to the material parameter. In practice, this is done in three stages, at the end of
each time increment, after convergence of the state variable update:

Calculation of the pseudo stiffness matrix and pseudo load vector from Eq.
(2.159). It should be noted that the pseudo stiffness matrix is independent of the
free material parameters, whereas the pseudo load vector has to be calculated for
each free material parameter.

Solution of Eq. (2.159) for each free material parameter to obtain the unknowns.

Backsubstitution of the unknowns into Egs. (2.131, 2.134 and 2.135) to obtain the
updated derivatives at the end of the increment.
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For the update procedure of the derivatives, the derivatives of the state at the
beginning of the first increment, i.e. at time t=0, have to be known. As the state
variables at time t=0 are nothing else than the boundary conditions of the
boundary value problem, which are independent of the material parameters, the
derivatives of the state variables at time t=0 are zero:

d&§}| _d&‘;' _ds°
di 7% dk "% dk

ho=0 (2.162)

In the present study, the material parameters are determined from a uniaxial
stress-strain curve including loading and unloading, which is necessary for
obtaining a unique solution [2.17]. In this case, the error function is defined as the
sum of squared differences between experimental and computed stress. Assuming
that the experiment is displacement driven, the independent variable is the total
strain. The error function = is based on the stress.

E:i | (ct)—o (€] [ (2.163)

k=1

and the material parameters ;. The gradient of the error function is given as

dz & do(ef)
—=—2kZl[U(e'f)—a(etk)]diKi (2.164)

For using the Gauss-Newton optimisation method, the Hessian matrix is
approximated as

(2.165)

From Egs. (2.164 and 2.165) it can be seen that the gradient has to be evaluated at
each available data point, i.e. for each value of total strain. As Egs. (2.164 and
2.165) involve the Cauchy stress in global coordinates, the gradient of the
rotation-neutralized Cauchy stress has to be transformed into global coordinates
using

i _ A A P doy

d—K—(Gikankl Rj|+RikUk| Gjlrm) |mn+RikW le (2.166)

In case the experiment records the load, the total load can be computed by adding
the nodal forces of all nodes located on a specific reaction surface [, using Eq.
(2.137). In the absence of external nodal forces, this yields.

tot __ 4 A _ 4 aNA
R =Yn' = %]~ —0,dQ VA<, (2.167)
Q .

X
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The magnitude of the load is then

R = ‘&tot (2.168)
The derivative with respect to the material parameter of the load becomes
d fat 4 aNA d i
L= LdQ YAerl
dk 2 i ox, dk et (2.169)

In the two-dimensional case, the derivative of the magnitude of the reaction force
with respect to the material parameter is

dR” _ 1 [dR"  dR
= —+ (2.170)

dc R\ di dx

In Egs. (2.163 -2.165), the stress is replaced by the load magnitude, which gives

E= é[ﬁf”(gk)—Rmf(g")]z 2.171)
E Sl ol R @1m)

- d tot d tot

HU.=2§I nggf) dKESf) (2.173)

2.3.6 Numerical example

In order to validate the computational material parameter identification routine, a
reidentification problem has been treated. In this problem case, a simulation is
carried out with known material parameters, and the characteristic stress-strain or
load displacement curve is used as an artificial experimental data set. In order to
assess the validity of the rotation-neutralized formulation, a rotating-stretching bar
is treated. In this case, a rigid body rotation is superposed to the elongation of a
bar. It should be noted that because of the imposition of the boundary conditions,
the bar is supposed to be laterally constrained. In the example treated, the bar is
rotated clockwise by 90 degrees during loading, and rotated back to the initial
position during unloading, as shown in Fig. 2.1.

The rotating-stretching bar is described by the deformation gradient
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Fig. 2.1 Schematic of the rotating-stretching bar problem.
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Fig. 2.2 Error function over iteration number
for the rotating-stretching bar problem.

0
F= cos(gtj —(1 +pt)sin(2£tj with0<t <]

(2.174)
sin(zltj (1+pt)cos(2£tj 0

0 0 1

Where p is the amount of stretch applied to the bar in its axial direction. The same
load can be applied easily without rigid body rotation. Two computations have
been performed: one with and one without rigid body rotation. It was found that
convergence occurred after the same number of iterations. The error function had
roughly the same values, with differences being due to the calculation of the
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Table 2.15 Material parameters used in the artificial experiment, the initial
guess and the values obtained through the optimisation routine.

Material Parameters  Atrtificial Initial guess Rotating- Stretching Stretching Bar
Experiment Bar

c”? 370 500 369,9995 369,9995

R 24000 10000 24001,5365 24000,0549

B 90 200 90,0057 90,0001

Hyin 6500 10000 6500,4579 6500,0550

Hiso 170 100 170,0122 170,0017

E 200000 150000 200012,3402 200000,0025

Iterations - - 11 11

rotation-neutralized strain increment. The development of the error function over
the iteration is shown in Fig. 2.2. The model parameters used in the calculation of
the artificial experimental data, the initial guess and the material parameters
obtained for the calculation with and without rigid body rotation are shown in
Table 2.15. From the close fit of the data and the identical number of iterations, it
can be concluded that the rotation-neutralized formulation is valid for finite strain
analysis.

2.3.7 Annex

In this study, the constitutive equations with isotropic hypoelasticity and plasticity
with non-linear isotropic and kinematic hardening have 7 material parameters.
However, as in tensile testing, the impact of the Poisson's ratio on the tress-strain

curve is small, this material parameter is fixed to v=0.3, which is a typical value
for metals. The free material parameters are put in vector form:

x=(o"" R pH,, H,E) (2.175)

It should be noted that the finite element program uses, for the exponent of the

kinematic hardening law
|2
H, = ?b (2.176)

Therefore, the derivatives with respect to H, have to be converted to the
derivatives with respect to b using

H 2
i: 0 h: = 0 (2.177)
ob oH, ob \3 oH,
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For the partial derivatives with respect to the material parameters, only non-zero

derivatives are explicitly given in the following section.

Partial derivatives of the non-linear yield stress

8K 7 2
T \/; (2.178)
oK’
\/7 p (2.179)
oK’ 1+ —Bs)-1
:\/:R( ps' )exl’z( ps') (2.180)
p 3 p
oK’ 2 J
=— R exp\— fs 2.181
oy = 3 Rewlss') 2.181)
v
oK _ \/ZR expl- ps’ ) (2.182)
16} 3
Partial derivatives of the yield function
o -0
aI—Ikin Hnl (2183)
of _H,(1-0)
oH H (2.184)
o
L =_2Y 2.185
G g (2.185)
o H,
o0 H, (2.186)
o
——=-2G
g (2.187)
0
Y _ -1 (2.188)
oK’
Total derivatives of G
a6 _ 1 2.189
dE  2(1+v) (2.189)
Total derivatives of A
a_ v 2.190
dE  (1+v)1-2v) (2.190)
Partial derivatives of Q
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00
=-044 2.191
OH ,, Q ( )
o0
——=—i, 2.192
o4g Q ( )
Partial derivatives of A
o4 _ 2GH , 5103
aAg Hany +Hkin (1_ Q) ( ‘ )
gnmn, =8= (xip - )ni _(xiP’ - x;' )"i - (xip - x; )ni - R (2.194)
fC=-Kgn, (2.195)
R
[P =Ko, —5 —+nn 2.196
T A -
. P Al
lim " - x| = R (2.197)
g
LY" =-K nn, (2.198)
Partial derivatives of the updated rotation-neutralized Cauchy stress
ks y 2.199
I K- \en, +ghi (2.199)
) ) P
00 1 A
1= 26l +|A+—=(2G+3A)|6; 6 2.201
OA é|]<.|/2 1+ A i 3 ( ) YW ( )
067 .
= =8;A€m (2.202)
00y 1 2A
—L=—= |24+ 56, A 2.203
aelA(E”s”'"“ (2.203)
o = R 2.204
‘ i _xAH (2.204)
c R
i ==K\ 0y +———(mm, =0, )| (2.205)
" -]
&= skn, (2.206)
Partial derivatives of the updated rotation-neutralized back-stress
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Yx'o—— T0——
4= ffi = if: (2.207)

H foa‘ x'0——

A=l oc o¢
x' —-x"=gn, (2.208)
x'=x = x" —xl.P')Jr(x[A —xiP) (2.209)
gn =|x/ —xl.P')—(xiA —xl.P) (2.210)
gnn, =g=(xl.A —xl.P')—(xiA —xl.P))n,. (2.211)
g=("~x', (2.212)

2.4 Implementation of rigid contact

The modelling of indentation experiments of non-linear materials requires the
ability to perform a contact analysis using the finite element method. In the case
of contact, the boundary conditions under the active indenter surface cannot be
prescribed using displacement boundary conditions. In the case of rigid contact,
the displacement of the rigid contact surface, called the master surface, leads to a
penetration of the contact surface and the solid body. This penetration is
iteratively reduced applying loads at the active contact surface. Three methods
exist for contact modelling:

1. Penalty Method
2. Lagrange Method
3. Augmented Lagrange Method

Whereas the Lagrange method is difficult to apply because of the changing
contact status (open and contact) during the iterative steps, the augmented
Lagrange Method, which consists of a penalty step followed by one or several
Lagrange iterations, circumvents this problem. However, this method was
discarded because of the high number of iterations resulting from the multiple
iteration steps per increment. The method used is the penalty method, stabilized
by an adaptive descent scheme, which enables the use of a higher contact stiffness
necessary for acceptable levels of penetration. Both the penalty method and the
adaptive descent scheme will be presented in the following section.

In the context of the CASSEM project, only two-dimensional, e.g. axisymmetric,
rigid contact is considered. Contact elements, which are in fact pseudo-elements
laid over the solid elements, can be subdivided into three classes:

1. Node-to-node contact elements
2. Node-to-surface elements
3. Surface-to-surface elements

Node-to-node contact elements are not appropriate in this project, because they
use a fixed normal direction of the contact. Both the other methods have been
implemented.
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2.4.1 Contact modelling

The penalty method

In our case, only contact between one deformable and a rigid body is considered.
In addition to that, the contact is assumed to be friction-free. Without interaction,
the movement of the two bodies produces interpenetration. For a given point P at
the surface of the deformable body, a point P' on the surface of the rigid body can
be determined in a way to minimize the distance pp'. P' is called the closest point
projection of P on the rigid surface. The distance of PP', called the gap g, is the
local amount of penetration between the two bodies. The gap g is defined in such
a way that for a positive gap g, the two bodies are not in contact, i.e. no overlap,
and for negative g, the bodies are overlapping and henceforth in contact.

In the penalty method, this gap is reduced by applying a force at the point P of the
deformable body, defined by

fi5=-Kgn, (2.213)

The constant K€ is called the normal contact stiffness and the normal to the rigid
surface in the projected point is given by n. The nodal force f° has for effect to
reduce the magnitude of the gap. In case of friction, a similar relationship can be
deduced for the tangential, e.g. frictional force. More details on contact and
friction modelling can be found in [2.18]. The penalty method can be derived
from the Lagrange multiplier method, where the Lagrange multiplier, which is the
force needed to make the gap vanish exactly, is replaced by the force calculated
by Eq. (2.213), which has for a consequence that the gap is not reduced to zero,
but a small gap value persists. Generally speaking, the higher the normal contact
stiffness, the smaller the gap. However, convergence is harder or impossible to
obtain for higher values of normal stiffness.

The main task of contact modelling consists of calculating the gap magnitude g,
the normal to the rigid surface, n, and to calculate the contact part of the tangent
of the Newton-Raphson iterative scheme. The tangent is calculated from the
material time derivative of Eq. (2.213).

/,C :_Kc(g I’li+gﬁi) (2.214)

rigid surface

& P deformable
v surface

Fig. 2.3 Sketch of contact entities.

Revision number: 2 -4] - Restricted



CASSEM

2.4.2 Spherical/cylindrical node-to-surface contact

The location of the centre of the rigid sphere/cylinder, A, is known, as well as the
radius, R. As P' is the normal projection of the point P on the rigid
spherical/cylindrical surface, the outward normal n is given as

xF =
"= ] (2215)

Multiplying the relationship
gn=x"—x"=(x"—x")-(x" - x) (2.216)

with the normal vector gives
gnm =g=—x"—(x" —x' o, = (x —x/'Jr, - R 2.217)

Inserting Eq. (2.215) into Eq. (2.217) yields, after some simplifications
g =" -x'|-R (2.218)

It should be noted that in fact two projections of the point P on the rigid surface
exist: one with minimal and one with maximal distance. In order to make sure that
Eq. (2.218) gives the closest point projection, it should be taken care to define
increment sizes with a displacement smaller than the sphere/cylinder radius.

With the gap rate
g=xkn, (2.219)

and the material time derivative of the normal vector

. xi —kknkni
mo= m (2.220)
Eq. (2.214) becomes
iy = Kclaik +ﬁ(nink -0, )]xk (2.221)

As the velocities are nodal values, the stiffness matrix can be rearranged to
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L"=-K° 5[k—+n[nkﬁ (2.222)

During the iteration,

lim x" - x| =R (2.223)

g0

and Eq. (2.222) can tends towards a simplified form of contact tangent matrix for
the Newton Raphson scheme

LS =-Knn, (2.224)
This form is used because it has better convergence characteristics.

2.4.3 Conical/wedge-like node-to-surface contact

The contact normal direction, defined as the outer normal of the rigid surface, is
predefined by the opening angle of the cone/wedge surface, as stated in the model
definition file. The location of the tip of the cone/wedge, A, is also known. From
geometrical considerations, it follows that

x —x" =gn, (2.225)
and
x!'—x = (xip —xiP')+(xiA —xl.P) (2.226)
Egs. (2.225 and 2.226) can be combined to
gn=x'—x")-(x' - x") (2.227)
Performing a scalar product with the normal vector n yields
gnn =g= ((xiA - x,.P')— (xiA —x/ ))nl (2.228)
Because of normality, the first term vanishes, giving the gap g at point P as
g=x"—x', (2.229)
With the material time derivatives

i=ikn, (2.230)

and the material time derivative of the normal vector
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=0 (2.231)

Eq. (2.214) becomes

C

fi ==K nn, (2.232)

and the exact tangent matrix is the same as the simplified tangent for the case of
spherical/cylindrical contact, Eq. (2.224).

2.4.4 Spherical/cylindrical surface-to-surface contact

Nodal force and stiffness calculation

In the case of the surface-to-surface contact elements, the contact pressure is
distributed over the element edge. This means that the normal direction is defined
by the deformable body, not by the rigid contact body. The nodal forces and
stiffness matrix are calculated through a numerical integration at integration
points, which implies that contact detection is also performed at the integration
points. This method relies and Gaussian quadrature. In case of Newton-Kotes
nodal integration, contact detection is performed at the nodes. However, in our
context, we stick to Gaussian integration, with one of the major advantages being
the uniqueness of the surface normals at the Gauss points as opposed to the nodes.

With the number of nodes per contact element, Ng, the tangent vector to the
element edge at the location & is calculated as

fo&a— Ay
4€)=1 2 (2.233)

10— 10—

250 0%

and the normal vector is derived from the tangent vector, with the permutation
symbol i, as

n_=t n, =—t. o n =gt (2,234)

x y 3%

With the normal vector defined by the deformable body, the gap is calculated as

g= (xiP —x/ )nl. - \/(xl.P —x/ )ni — (xl.P -x/ Xxip - xl.A)+ R’ (2.235)

The nodal force calculation is performed as

N odes
1=k N [NPgn, doo (2.236)

B=1 50
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It should be noted that the actual summation is only performed over the non-zero
shape functions for the node A. The time derivative of Eq. (2.15), neglecting the

change of integration domain, gives

CA N Nodes
i =-K°¢ Nz J.NB(gn[-i-gizi)daQ
B=1 00
with
= gw(éjk _tjtk)aNA A By — Ml ON” "
JON*| o LONA|| @&
X X
¢ o&¢
and
(4x” — gn N/ e

g = -g
\/ Axn, — A A + R’ \/ Axn, — A A + R’
using the notation
A" = x" —x!
The tangent matrix is calculated as

KC,AB _ 2 KCNNodes 4
;= =2nK Y [mN

A,B=1 pQ

B
(Afo —gnj)NB —g(ejkjdx,fp —tij,ank)a]a\; }
rds

AP AP AP 2
\/Axm n, —Ax; Ax,” + R

Two-noded element

(2.237)

(2.238)

(2.239)

(2.240)

(2.241)

For the two-noded elements, the interpolation along the element length is

performed through the linear shape functions with the variable &

1-¢

N'=—= and szi
2

(2.242)

The integration is performed in the current configuration using two integration

points.

Three-noded element

For the three-noded elements, the interpolation along the element length is

performed through the quadratic shape functions with the variable &
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_lte

N' = f%, N?=1-£% and N’ (2.243)

For the numerical integration, three integration points are used. However,
integration can also be performed using two integration points, but this to be less
stable.

2.4.5 Implementation of adaptive descent

The purpose of adaptive descent is to stabilize the Newton-Raphson iterative
process in case of convergence difficulties. The adaptive descent scheme works as
follows [2.19]:

The stiffness matrix of the first iteration of the increment, Ky, is stored. If the
residual of the iterative calculation step increases, the current stiffness K, is
replaced by the stiffness matrix K;, of the following form

*

K

» = 0K, (1)K, (2.244)
with ¢=1, and the iterative step is repeated. After three iterations with decreasing
residual, the parameter ¢ is multiplied by 0.25. For the following iterations, ¢ is
set to 1 if the residual increases or multiplied by 0.25 if the residual decreases. If ¢
is less than 0.0156, ¢ is set to zero.

It was found that adaptive descent works fine with the node-to-surface elements.
However, with surface-to-surface elements, no improvement in convergence
behaviour was found.

2.4.6 Contact definition

General description

The contact definitions are introduced into the input file after the definition of the
boundary conditions. There are five possible definitions. All definitions are in lower-case
letters. The first line states one of the five contact definition types. For 'nocon', i.e. the
absence of any contact elements, this is the only required input line. For the other for
contact definition types, the next line states the number of contact elements, Neo,. The
next line contains the eight contact parameters. The next N, lines contain the
node definitions of the contact elements. It should be noted that only one contact
surface can be defined. In a two-dimensional analysis with a wedge-like contact
surface, i.e. under plane strain conditions, the wedge tip should be located on the
vertical symmetry line (x=0).

Nocon
No contact elements present.

Nosur

Rigid spherical or cylindrical node-to-surface contact, depending on the model
definition flag axi/psn. The first two parameters define the x and y coordinates of
the sphere or cylinder centre. The third and fourth parameters define the
maximum horizontal and vertical displacement of the contact surface. The fifth
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parameter defines the sphere or cylinder radius. The sixth parameter defines the
normal interface contact stiffness. The seventh and eighth parameters are blank
parameters.

The next lines contain one node number, which defines the slave node of the solid
body to be penetrated by the contact surface.

Ncone

Rigid conical or wedge-like node-to-surface contact, depending on the model
definition flag axi/psn. The first two parameters define the x and y coordinates of
the cone or wedge tip. The third and fourth parameters define the maximum
horizontal and vertical displacement of the contact surface. The fifth parameter
defines the opening angle of the cone or wedge in degrees measured from the
vertical direction. The sixth parameter defines the normal interface contact
stiffness. The seventh and eighth parameters are blank parameters.

The next lines contain one node number, which defines the slave node of the solid
body to be penetrated by the contact surface.

Ssur2

Two-noded surface-to-surface spherical/cylindrical contact element. The first two
parameters define the x and y coordinates of the sphere or cylinder centre. The
third and fourth parameters define the maximum horizontal and vertical
displacement of the contact surface. The fifth parameter defines the sphere or
cylinder radius. The sixth parameter defines the normal interface contact stiffness.
The seventh and eighth parameters are blank parameters.

The next lines contain two node numbers, which define the element edge of the
element of the solid body to be penetrated by the contact surface. The outward
normal of the solid body points to the left if moving from the first to the second
node.

Sssur3

Three-noded surface-to-surface spherical/cylindrical contact element. The first
two parameters define the x and y coordinates of the sphere or cylinder centre.
The third and fourth parameters define the maximum horizontal and vertical
displacement of the contact surface. The fifth parameter defines the sphere or
cylinder radius. The sixth parameter defines the normal interface contact stiffness.
The seventh and eighth parameters are blank parameters.

The next lines contain three node numbers, which define the element edge of the
element of the solid body to be penetrated by the contact surface. The outward
normal of the solid body points to the left if moving from the first to the third
node. The second node is the mid-side node and has to coincide with the mid-side
node of the underlying solid element.
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2.4.7 Adaptive descent
Adaptive descent is switched on and of through the fifth parameter of the third
line in the model definition file:

'adp' switches on adaptive descent.
'nad' switches off adaptive descent.

2.4.8 Further changes

The input file was modified in such a way that the material definitions are now
performed after the definition of the contact elements. The most important change
however has been done in the program itself. The program has been split in two
parts. The first part, called MEESCHTER, controls the overall calculations, reads
in the geometric definitions, defines the material parameters and chooses the
number of load steps and increments per load step.

The finite element calculation is performed in a subroutine, which performs the
calculation of a full load step and returns the contact body displacement together
with the total indentation force, calculated by summing up the vertical nodal
contact forces. For the time being, this works only with the node-to-surface
contact elements. A value quantifying the average gap of the contact elements is
also provided to access the quality of the numerical contact results.

The advantage is that for the CASSEM project, numerical indentation
experiments can be performed easier, using a subroutine for the calculations,
which can be called for both the neural networks-based method and for the
optimisation method. A further improvement may consist of performing the
geometry input in a separate subroutine, which can then be called by the main
control program.

2.4.9 Conclusions

Efforts were focussed on node-to-surface elements because surface-to-surface
elements do not improve their convergence with the use of the adaptive descent
scheme.

2.5 Nanoindentation test

Nanoindentation, also known as instrumented indentation testing, is a form of
mechanical testing developed over the post two decades and based on the
hardness tests principle. An indenter is driven into and withdrawn from a material,
and the applied load and the resulting displacement are continuously recorded.
This technique is used to measure mechanical properties of surfaces on thin
depths (from hundreds of nanometers to micrometers). It is useful to analyse
coating or thin films, which cannot be tested with conventional methods (tensile
tests, hardness, etc.). It can also be used to analyse areas located at specific
positions of a bulk material, with a position precision of one micrometer. The
indentation equipment consists of four components:
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The force actuator: low loads can be obtained with different devices:
electromagnetic with coil and magnet assembly, electrostatic using a
capacitor with fixed and moved plates or piezoelectric.

The column, mobile part of the equipment, is often made of materials with
low coefficient of thermal expansion.

The displacement sensor: the displacement can be measured with a capacitive
sensor, a linear variable differential transformers (LVDTs) or laser
interferometer.

The pin or indenter: generally made of diamond, but it can also be in sapphire,
tungsten carbide or hard steel. The indenter geometry can vary. The most
frequently used is a Berkovich one, but Vickers or spherical indenters are
also used.

2.5.1 Measurements
Mechanical properties as hardness and elastic modulus are given by the load-
displacements curves measured with the apparatus (Fig. 2.4).

The most useful method is the Oliver and Pharr one. It’s described below. It’s
supposed the unloading can be fit with the following load (P)-displacement (h)
relationship:

P=Bh-h,)m (2.245)

Force
actuator

Column
(stiffness S,) ’ %

Sample

Load P

Displacement
Sensor

Indenter

Fig 2.4 Schematic representation of a nanoindenter.
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le—nf — N
max

DISPLACEMENT, h

Fig2.5 Schematic representation of a load-displacement curve recorded
during an instrumented indentation test.

where B, m and h, are determined by a least squares fitting procedure. By
differentiating the Eg. (2.245) and evaluating the result at the maximum depth,

h,.. , the contact stiffness is obtained by:
S= (d—PJ — mB(h,, —h, )" (2.246)
dh hlﬂ(lX .

The contact depth is then calculated:

_ g max (2.247)

where € is a constant that depends on the indenter geometry. The projected contact
area A is obtained by evaluating the indenter area function f at the depth 4. :

A= f(h) (2.248)
For an ideal Berkovich indenter, f (h)=24.56h2 , but for real indenters, this

function is more complex and a calibration is needed. From these values, the
hardness can be calculated:

P
H == 2.249
y ( )
and the reduced elastic modulus:
E = ﬁi (2.250)
2B 4

where ¢ is a constant that depends on the indenter geometry. The elastic modulus
of the material is finally obtained:
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E=(]—v2{i—]_vi2} (2.251)

r i

where Ei and vi are, respectively, the elastic modulus and the Poisson’s ratio of
the indenter and v the Poisson’s ration of the tested material.

2.5.2 Dynamic measurements

The Continuous Stiffness Measurement (CSM) is a technique in which stiffness is
measured continuously during the loading of the indenter by imposing a small
dynamic oscillation on the force (or displacement) signal and measuring the
amplitude and phase of the corresponding displacement (or force) signal. It allows
measuring the storage and loss moduli characterizing polymers. The oscillation
amplitude is as low as the total displacement isn’t affected.

With the continuous stiffness, the eclastic modulus and the hardness can be
continuously calculated.

2.5.3 Specifications

XP DCM
Maximum indentation depth 500 um 15 um
Displacement resolution <0.01 nm 0.2 pm
Maximum load 500 mN 10 mN
Load resolution 50 nN 1 nN

2.5.4 Channels
Contact Area A(t) = f(hc(t))

Contact Depth h.(t) = h(t)— EM

S(1)
Displacement Into Surface

Pbrut (t) B Pbrut (tS)

h(t) = hbmt (t) - hbmt (tS ) - 5 x vth (t - tS ) -

S, +A4S,
Frame Stiffness Sb
Frame Stiffness Correction ASb
P(t

H(t)= L
Hardness A(t)
Harmonic Contact Damping ®

-1
1 1

Harmonic Contact Stiffness S, () = -
S,(1) S,(1)+AS,(1)
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Harmonic Displacement — Déplacement harmonique du CSM
Harmonic Frame Stiffness — Sb(t)
Harmonic Frame Stiffness Correction — ASb(t)

Harmonic Stiffness h(t)

dP
Load vs Disp Slope — —
dh

Modulus E(t):(]_VZ){E;m_];Vf]

2.5.5 Formulas

9

Area Coefficienti f(h) = ZAihl/zk
i=1

Contact Area From Unload — A = f(h,)

Pma
Contact Depth From Unload— h_, =h__ — STX

Drift Correction — vy, —

N
E
E Average Over Defined Range — m(E) = z —.
n=M N-M
N H
H Average Over Defined Range — m(H) = Z —,
n=M N-M

P
Hardness From Unload H = %

2 1 1 - Vlz -
Modulus From Unload E =(1-v~) E_ —

r i

Prescribed Loading Rate — P/ P

0]

Vi s
2B JA

Reduced Modulus From Unload — E, =

Stiffness From Unload — S = (%J =mB(h,,, —h,)""
h

max
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3 Identification of electro-mechanical material properties

The objective of this work is to obtain the mechanical as well as electrical
properties of composite actuators/sensors with embedded fibres made of
piezoelectric material. The technique is based on the computation of effective
properties on a so-called representative volume element. Based on the constituent
material properties (electrical and mechanical) and the geometry (mainly the
volume fraction of fibres), we derive simple analytical formulae assuming 2D
plane stress hypothesis, and ds; type actuation.

3.1 Principle of the method

We are interested in the characterization of composite actuators / sensors with
embedded piezoelectric fibres. One example of such is the Macro Fibre
Composite (Fig. 3.1).

The developments are made for d;; type MFCs for which the polarization and the
electric field are perpendicular to the plane of the MFC (Fig. 3.2).

The goal is to determine the equivalent homogeneous properties of the composite
active layer made of epoxy and PZT. A representative volume element (RVE) is
defined as represented in Fig. 3.3.

Polyimide fim
with inferdigitated
electrodes Epoxy layer

-/

—v4
V4
/

Z
'

PZT Macro

Fibers Matrix epoxy

Fig. 3.1 Macro fibre composite.

electrodes

\ d, fype MFC
Lok b b2

P P X (fiber axis)

Fig. 3.2 Electric field and polarization for d3; type MFCs.
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Fig. 3.3 Representative volume element (RVE) for the homogenisation
of the active layer

3.2 Mixing rules for piezo fibres used in d;; mode

For the modelling, we consider that the actuator is a laminate. For each ply, we
assume the plane stress hypothesis (73,7,,7; = 0). The electric field is assumed to
be in the z -direction ( £, = E,=0). In the standard IEEE notations for linear

piezoelectricity, this leads to the following form of the constitutive equations:

S, 51E1 sk 0 dy [T

S| 1o 0o s& 07T, '
D, dy, d, 0 ‘93Ts E,

or alternatively:

1 clE1 0 —ey ]S

T, _ ch o 0 —ey|lS, (3.2)
T, |0 0 ¢ 0[S '
D, e, e, 0 553 E,

The objective is to replace the MFC represented in Fig. 3.1 by a multi-layer
composite with homogeneous layers as shown in Fig. 3.4. The active layer is
homogenized using a representative volume element (RVE, Fig. 3.3). The
geometry of the RVE is given in Fig. 3.5.

The approach followed here is the Uniform Field Method (UFM, [3.1]). The
principle is to assume that the different quantities (stress, strain, electric field and
displacement), are homogeneous in each constituent. Here we denote with a
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Homogeneous
electrode layer

\

Epoxy layer

Homogeneous
active layer

Fig. 3.4 Modelling of a MFC with homogeneous layers.

z4 1

< »
< »>

L2 >

n_ =i

Matrix  Fiber

Fig. 3.5 Geometry of the representative volume element (RVE).

superscript p the quantities related to the fibre, and with a superscript m , the

quantities related to the matrix. The mean quantity is denoted without superscript.
For the geometry given in Fig. 3.5, the following assumptions are made:

S, =S/ =S" (3.3)
S, =pSy +(1-p)S; (3.4)
Se = pSg +(1=p)S¢ (3.5)
D, = pDy +(1=p)Dy (3.6)

which means that S, is identical in the fibre and the matrix, and the mean quantity
is therefore also equal. For the other quantities S,, S, and D,, the value in the

fibre and the matrix are different, the mean value is given by a sum weighted by
the volume fraction p.

For the dual variables, the following assumptions are made:

T = pTy +(1- p)T" (3.7)
T=T) =T (3.8)
T,=T =T (3.9)
E,=E’ =E” (3.10)
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The goal is to find the constitutive equations linking the mean values of
S,8,,8.,.D; to 1,,T,, T, E, .

We use the constitutive equations in the form of (3.1):

S, SlEl sk 0 dy [T
S, _ shoosh, 0 dy, || T, 3.11)
S, 0 0 Séi 0 || T,
D, dy, d, 0 ‘93T3 E,

the procedure to find the homogeneous properties s,, 55,5y, Ses> daj> Ay 35 18 10
rewrite the constitutive equations in terms of the fields which are identical in the

fibre and the matrix, 1.e, in this case : §|,7,,T;, E;. This gives:

E
1 S21 0 _dy,
E E E
T S11 S11 S11 S
1 §F (SE 2 §E 1
S. 1 S e 0 d,—d,2||T.
2| _ E 22 E 32 31 E 2
=1 Su Si1 Si (3.12)
S, . T
0 0 Ses 0
D, £ 5 E,
dy, d. —d $21 0 el d;,
E 32 43¢ 3T
L St 11 St

for each of the quantities in the left hand side, we can write (for example for 7}):
T, = pIy +(1- p)T" (3.13)

Replacing 7,,7;” and 7" using Eq (3.12), and knowing that §,,7,,7;,E, are
identical in the fibre and the matrix, one gets:

1 1

TP -+ (- p) o (3.14)
i1 11 Si1

E Ep Em

Sy s, S,

2= p2 4 (1- - (3.15)
SlEl S11 SlEl

E dp dm
—3E] 3] —+(-p) E31 (3.16)
S 511 Si1

Following the same reasoning, all the terms in the matrix of Eq (3.12) follow a
linear mixing rule. Rearranging these expressions, we get:
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Ep Em
Eolin (3.17)
ps + (1= p)sy;
- Ep SEm
sho=s], +(1 . (3.18)
ll Sll
df d;:
dy, =), (P—E,I,Jr(l P) 2,,‘) (3.19)
Sll l]
E N2 Em~2
= fom S e Sar) (3.20)
11 Sl] Sll
SE . . SEm
dy, = dy, 21_’_'0(013;72 ds, 115 j"’(l p)[dsz ds) 1Ezmj (3.21)
11 Sll 11
2 my2
g;:d—j;w(gg—( di) ]+(1— )[ g (45) j (3.22)
Sll Sll Sll
S = P +(1—p)s (3.23)

We can express these relationships in terms of the mechanical constants (electric
field E, =0) using the following equalities:

E = LE (3.24)
S
1
E, =— (3.25)
S
oF
V= —% (3.26)
11
1
Gr=— (3.27)
Se6

where E, denotes the longitudinal Young’s modulus (in the fibre direction), E,
the transverse modulus, v,, is the in-plane Poisson’s ration and G,, is the in-
plane shear modulus.

Substituting in (3.17-3.23) gives the classical mixing rules for £,,v,, and G,
[3.2]:

E, =pE’ +(1- p)E! (3.28)
= pvly + (= p)Vy (3.29)
i P ep (3.30)

P m
GL T GL T GL T

For the transverse modulus, we get:
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_ 2 2 \2 m \2
Lzﬁ_i_l p_(VLT) + p(VLT) +(1_p)@ (3.31)
E, E!’ E' E E! E;

m

if we assume v/, =v, ., we also get the classical mixing rules [3.2]:

L=£+l__p (3.32)
E, Ef Ef

For the piezoelectric constants, we have:

1 m
d,, :E—[pd31p E} +(1-p)d,,, E}'| (3.33)

L

dy,=-d, v, + p[d32p +d,,, Vfrj"’ (1-p) [d32m +dy, VZlT] (3.34)

For a typical piezoelectric material (PZT), d,, =d,, which leads to expressions
identical to the mixing rules for thermal expansion coefficients [3.2, 3.3], d,,
needs to be replaced by « for the analogy):

1

dy =—(pdy, B} +(1=p)dy, E} | (3.39)
L
dy, =—d; v, +pd31p A+v,))+d-p)d,,, 1+v;;) (3.36)
e,, and e, are given by:
E, VirEy 0 _
l_VLTVTL 1_VLTVTL
v, E E
{e,e,0} ={d, d,,0} 1—LVT 5 l—vTv 0 (3.37)
LT"TL LT"TL
0 0 G,
v, 1s given by:
VLT ET
vV, = (3.38)
TL EL
We get:
1
=) :—(EL dy +v,r E; dsz)
1_VLT VL
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1
€ = (VLT ET d31 + ET d32) (3.39)

1- VirVo

3.3 Evolution of the homogenized properties as a function of the volume
fraction of fibres
In order to illustrate the effect of the volume fraction p on the effective

properties of the active layer, we take the following example:

e Matrix: epoxy (E =2.6GPa,v =03,e], =% =4.25)
° Fibres: PZT
(E=54GPa,v=0.31,d,, =d,, =—18510""m/V ,&l,, =—= 1850)

The results are shown in Fig. 3.6 and Fig. 3.7.

It is interesting to look at the evolution of the piezoelectric properties as a function
of the volume fraction of fibres. d,, is close to linear, whereas d,, increases very

rapidly and reaches a value comparable to PZT for p =0.5 already. For this same

10 E

x 10 - x 10" T

05 T T T : 29

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

Fig. 3.6 Mechanical properties of the active layer
as a function of the volume fraction of fibres.
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value, d,, is only half of the value for PZT. e,, and e,, are important because

they represent the equivalent in-plane forces of the actuator when a voltage is
applied (e;, gives the force in the direction of the fibres, and e,, gives the force

perpendicular). Looking at Eq. (3.39), we see that they are a function of d,,,d,,
but also E,,E, and v,, . The curves show that e, varies almost linearly with the
volume fraction, while e,, is very small for low volume fractions ( p <0.6), and

increases very rapidly for high volume fraction ( p>0.8). For low volume
fractions, the actuator is almost unidirectional (force acting along the fibres only).

x10° 2 - L

02 04 06 0.a 10 02 04 0.6 o.a 1

2000

18001

1600}

14001

1200F

1000F

600F

400

2001

Fig. 3.7  Electrical properties of the active layer
as a function of the volume fraction of fibres.
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3.4 Homogenized properties of commercial MFC actuators

As a final result, we give the homogenized values for the MFC manufactured by
Smart Materials [3.4] (Type P2). The geometry of the RVE is given in Fig. 3.8.
The homogenized part is only the active part of thickness 180 microns.

The properties of the piezoelectric material (PZT 5A1 — Navy Type II) are given
by the manufacturer (Ceramtec, Table 3.1). The properties of the epoxy are given
by Smart-Material (the relative permittivity is found on the internet for a typical
epoxy). The full material properties of the PZT are found from Table 3.1 using the
following relationships:

E 1
P — (3.40)
PeR(-ky)
2d?
sé——sﬁ—kkz ;‘T (3.41)
p 733
E _ E
sE =" : St (3.42)
T d125
3.43
11 S5E5k125 ( )

E _ E T _.T _
We also assume s, = s55,&,, = &,,, and v;; =0.38.

This gives us the full compliance matrix under constant electric field Sg. We can
easily find the material properties given in Table 3.2 for the PZT-5A1. The
material properties for epoxy are given in Table 3.3.

The homogeneous properties of the active layer are given in Table 3.4. The
volume fraction is 0.8654 (see Fig. 3.8). The value of the capacitance of the active
layer is computed using the following relationship:

[ Kapton |I 48 um
e 13 95 um

180 um

B B
L

350 um 275 um
= 1% 95 um
| Kapton |1 48 um

»

Fig. 3.8 Geometry of the RVE of a d3; MFC manufactured
by Smart Material [3.4].
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T
=033

h (3.44)

Where (2 is the area, and /4 is the thickness of the active layer (here 180 um). The
capacitance is computed for the different types of d;; MFCs manufactured by
Smart-Material in Table 3.5. The value is compared to an approximate value
given in the datasheet. The concordance is satisfactory. The MFC-types only

differ in their size (area Q2 ).

Table 3.1 Properties of piezoelectric material (CeramTec datasheet).

Piezocer amic Symbol unit 5P4 5A1 SH2
DaoD Standard 13764 (SH) Typel| | Typell ||TypeVl
Electrical Properties
Permittivity /TkHz == 1300 || 1850 800
Dielectric dissipation factor/ TkHz ~ |tand 0.003 | |0.012 016
Curie temperature T, C 325 335 P15
Electromechanical Properties
Coupling factors Ky 0.57 | |0.62 55
ks, 0.31 0.33 38
ks 0.68 0.J2 g4
k, 0.50 0.48 51
ks 0.65 ||0.74 13
Piezoelectric charge coefficients [ 100N 310 440 80
-dy, 130 185 P75
dis 455 560 [70
Piezoelectric voltage coefficients O 10°Vm/N | 269 |[255 g
Frequency constants N, kHz mm 2210 | | 2020 960
N, 2000 | |2030 885
N 1480 || 1325 420
N, 1340 || 1250 290
Mechanical Properties
compliance Syt 10" ma/N | 149 |[185 5.8
Say 181 ||207 r29
stiffness Cx” 10"N/m* | 159 |[15.7 5.2
Css” 48 6.5 N
Mechanical Quality Factor Oy, 500 80 [5
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Table 3.2 Properties of piezoelectric material derived from CeramTec datasheet.

E,=FE, 54.05 GPa

Eq 4831 GPa

Gog =Gg1 1470 GPa

Gia 3827 GPa

192 0.41

Lrga = 1113 0.38

dyy = -185  10~"C/N
das = -185  10~2C/N
daz = 440  1072C/N
T = 1902  (relative)
el = 1902 (relative)
et = 1850  (relative)

Table 3.3 Properties of the epoxy.

E 29 GPa
v 0.3
= 4 (relative)

Table 3.4 Homogenized properties for Smart-Material MFCs (ds; type).

Er 47.11 GPa

Fr 16.88 GPa

GLT 6.93 GPa

vrr 0.40

dsy = -183  107'2C/N
d3o -153 10712¢)N
iy = 1597 (relative)

Table 3.5 Comparison of Capacitance (computed) with approximate
values given in the datasheet.

MFC-Type Computed Datasheet
capacitance (nF) capacitance (nF)
MZ8528 P2 187 171
ME&507 P2 47 45
MB503 P2 20 17
M2814 P2 30 26
M2807 P2 15 12
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3.5 Validation on an experimental setup

The homogeneous properties obtained here will be used in a validation exercise. It
consists in a cylindrical composite boom equipped with M8528 P2 actuators /
sensors (Fig. 3.9). The validation will be described in D4 “Full report on the new
theoretical and finite element models for non-linear vibration analysis and their
validation”.

Fig. 3.9 Experimental validation setup.
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4  Inverse identification technique

An inverse identification technique based on vibration tests is developed to
characterise advanced composite material properties. To minimise the error
functional between experimentally measured and numerically obtained dynamic
characteristics, the gradient based optimisation (direct) and optimisation based on
the planning of experiments and response surface technique (non-direct) have
been applied in the identification procedures.

The inverse identification technique developed has been successfully applied to
characterise orthotropic elastic material properties of laminated plates, hysteretic
material properties of laminated plates, viscoelastic material properties of
damping polymers used as a core material in the sandwich panels and
piezoelectric material properties.

4.1 Direct optimisation technique

A non-destructive inverse method for estimation of material parameters of
laminated active plates with surface bonded piezoelectric sensors and actuators
was developed.

A finite element higher-order equivalent single layer numerical model which
includes the piezoelectric effect [4.1] is used. The estimation of the material
parameters is made by adjusting the response of the numerical model to the
experimental response of the structure, consisting in a set of free vibration natural
frequencies and modal loss factors. Several techniques for the estimation of
mechanical properties of structures have already been presented by several
authors. An assessment of the different approaches to the identification of
mechanical properties based on free vibration response methods and optimisation
techniques in laminated plates are presented in [4.2]. Some methods that also use
natural frequencies of vibration for estimation of elastic constants in composite
material structures are based on surface response methods [4.3] and model
updating techniques [4.4]. Another class of inverse methods combines wave
propagation measurements with optimisation techniques and, more recently, with
genetic algorithms [4.5,4.6]. Artificial neural networks were also used to solve
this type of problems, based on wave propagation measurements [4.7] and also
natural frequencies of free vibration for identification of elastic and piezoelectric
parameters [4.8,4.9].

As for the simultaneous identification of elastic and piezoelectric parameters in
active structures using frequency response measurements, some methods have
been presented [4.1, 4.8-4.11].

This work is a generalization of a gradient-based identification technique, which
was originally developed for multi-material laminated structures [4.12-4.14], and
includes simultaneous identification of both elastic and piezoelectric properties
[4.1,4.8,4.9], as well material loss factors. The effect of the adhesive interfaces is
studied with the aid of identification simulations where the experiment is
substituted by 3D finite element dynamic reference solutions, based upon
commercial software. The results of this study are used to gain some insight to the
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results of a real identification, based on experimental natural frequencies of free
vibration. Identification of damping properties, based on a hysteretic damping
model using the complex eigenvalue approach is also performed, where
experimental data for this case was taken from the literature.

4.1.1 Numerical model

The numerical model used is a higher order finite element laminated plate model
with cubic expansion of the in-plane displacements in the thickness coordinate
and constant transverse displacement through the thickness, as shown in Eq. (4.1)
for the laminated plate of Fig. 4.1:

u(x, ,2,8) = ty (X, p,8) + 20,(x, ,0) + 2°uy (x, y,1) + 2°0.(x, y,1)

(X, 3,2,8) = 0y (%, 9,0) + 20,(x, »,0) + 2’0, (x, p,1) + 220, (x, p,1)  (4.1)

W(xayazat) = Wo(x’yat)

In Eq. (4.1), u,, v, and w, are the in-plane displacements in the x, y, and z
directions, # is the time variable and 6, and 6, are the rotations of normals to the

mid-plane about the y-axis (anticlockwise) and x-axis (clockwise), respectively.
The functions u,, v, , 8. and 6’; are higher order terms in the Taylor series

expansion, defined also in the mid-plane of the plate.

Full details regarding the model development and implementation for dynamics
can be found in [4.15], while its extension to account for the piezoelectric effect is
described in detail in [4.1].

For each lamina (Fig. 4.2) in the laminate, the 3D constitutive equations for the
orthotropic piezoelectric material with thickness polarization are represented in
Eq. (4.2), in the local principal material axes [4.16,4.17]

E

On O, O, O3 O 0 0 én 0 0 e
) O, On 05 0 0 0 &€n 0 0 e, E
Ol _ O Oy 05 0 0 0 &3 0 0 ey El
O 0 0 0 0O, O 0 V23 0 e, O E2
Oi3 0 0 0 0 Os 0 713 s 0 0 ’
o, | 0 0 0 0 0 Ol 72) O 0 0 42)
€
DY [0 0 0 0 e 0] [ 0 oT(E
D=0 0 0 e 0 0040 e, 0]!E
D, e e e 0 0 - 0 0 ey (£
Y13
Y12
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Fig. 4.1 Laminated plate in global reference system.

Fig. 4.2 Lamina in local coordinate system.

In the constitutive relation of Eq. (4.2), o, are stress components, ¢, and y; are
deformation components, e; are the piezoelectric coefficients, E; and D, are the
electric field and electric displacement components, respectively, elf are the

dielectric coefficients measured at constant strain and Qf are the material

stiffness coefficients, measured at constant electric field.

Imposing the plane stress condition (o3, =0), Eq. (4.2) is modified accordingly to
obtain:
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Oy o, O,
Oyr=| 0 0
05 0 0
o 0 0
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In Eq. (43), O;°, e

i

Q44

0 0
0 0
0 0
0, 0
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01972
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0 0 e
0 0 é,l|E
0 e, 0RE,
es 0 0 [|E

0 0 0]

N El

€, 0 E,

G; E,

dielectric coefficients due to the plane stress assumption:

EE
£ AE Qi3Qj3
0 =0f - S5
O
E
. 0;
€ =& 633_13
Oy
2
e
€n=€y +—

(4.3)

and e, are the modified stiffness, piezoelectric and

(4.4)

The plane stress coefficients Q;.E in Eq. (4.3) can be expressed in terms of the

non-dimensional material parameters of Eq. (4.5):

8
a,—a,
Q* _E | o
8ax, 0
0

a,—a,
8-2a,
0
0

0

0
0
Oy —
0
0

0

0

0
o, +a,

0

oS O O O

1
E(g_az —3a;-ay)

(4.5)

The non-dimensional parameters are defined in terms of the engineering constants
as shown in Eq. (4.6), where a, =1-v} E, | E, .
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a,=4-4E,/E,

a, =1+(1-2v,)E,/E, —42,G,/E,
a,=1+(+6v,)E,/E -4a,G,/E,
as=08-a,—a,—-a,)/2

ay =4(G;; + Gy, [ E,

a, =4(G;, -Gy, [E,

(4.6)

The engineering constants £, and E, in Eq. (4.6) are the Young’s modulus in the
principal material directions x, and x, , respectively (Fig. 4.2), while G,, G,
and G,, are the transverse shear modulus in planes x, —x,, x, —x; and x, —Xx;,

respectively and v,, is the major Poisson’s ratio. These engineering constants can

be retrieved from the non-dimensional parameters using the following inverse
relations:

E,/E =(4-0,)/4
G,,/E, =(8~0a,-3a;~a,)/(16a,)
Vi =(0L4—0L3)/(8—2(12)

G,,/E, = (04+ ay)/(80,) 4.7
G23/El = (05— 0‘9)/(80‘0)
_q_(0—0s)”

o
0 16(4 —0,)

For the case of viscoelastic materials, the engineering constants are taken to be
complex:

El = E'l (1 + 77511.)

Ez = Evz (1 + 7752i)

G, =G", (1+174,1)

G, =G";(1+15.0)

Gy =Gy (1+775,1)

Vi, =V, (L+17, D)

(4.8)

where the prime (") quantities are storage moduli, 77 denotes material loss factors

and i =+/—1. It is worthwhile noting that in Eq. (4.8) both storage moduli and loss
factors are, in general, frequency dependent. It is assumed that these quantities are
constant over the frequency range of interest hence a hysteretic type of damping
model was developed, which proved to be efficient.
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Applying a rotational transformation from the principal material axes (x,,x,,x;)
to the global reference system (x,y,z), one obtains the constitutive equations in
this later coordinate system [4.1].

For a laminate made of several composite and piezoelectric material laminas, the
constitutive equations are obtained after integration is carried out in the laminate
thickness coordinate. The equations of motion for free vibration are then obtained
using the finite element method through an eight nodded serendipity plate element
with the nine degrees of freedom per node, corresponding to the terms in the
expansion of the displacement field in Eq. (4.1). As for the piezoelectric degrees
of freedom, the electric field is assumed to be constant within each of the
element’s piezoelectric layers. With these considerations in mind, one arrives at
the following global equilibrium equations through assembly of the element

equations:
M u K, K
0 O0jlo K, K, |le

where u, i, ¢ and ¢ are mechanical degrees of freedom and corresponding
accelerations, electric potential and corresponding second time derivatives,
respectively. M, and K, are the mass and stiffness matrices, respectively,

corresponding to purely mechanical behaviour, while K, is dielectric stiffness

matrix and K ; is the stiffness matrix that corresponds to the coupling between

the mechanical and the piezoelectric effects.

The electric degrees of freedom are condensed and considering harmonic
vibrations, one obtains the eigenvalue problem:

(K'=A,M)u, =0 (4.10)

where u, 1is the eigenvector corresponding to the eigenvalue A, and

K =K, -K, JK K., is the condensed stiffness matrix. In case of viscoelastic

behaviour, the condensed stiffness matrix K is complex, which in turn leads to
complex eigenvectors u, and eigenvalues A, =w>(1+7,i), where @, is the n"

natural frequency and 7, is the corresponding modal loss factor.

It is worthwhile noting that when electroded surfaces exist in a given patch or
layer, equipotential conditions are imposed before condensing the electric degrees
of freedom.

In order to minimize errors associated with modelling boundary conditions, we
are only concerned with completely free plates, thus a shift is applied to the global
stiffness matrix in order to ensure positive definiteness [4.18].
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4.1.2 Gradient based optimisation

In this approach, the parameter estimation technique consists on minimising the
difference between the response of the physical system and the finite element
numerical model that simulates the system response as a function of the elastic
and piezoelectric coefficients. The response consists of a set of natural frequencies
of free vibration of the plate and corresponding modal loss factors, which are
measured experimentally and then used to fit the corresponding response of the
numerical model, thus determining the parameters for the best fit.

The error estimator used in this work is of weighted least squares type:

I > 2 n 2
=Y w122 | +> w12 4.11
n 2 n
n=l1 ,

n n=1 n

where @, are the experimental eigenfrequencies, W'’ and w'” are weights used

to express the confidence level in each one of the experimental eigenfrequencies
and modal loss factors, respectively, and / is the total number of modes used.

The problem is stated as the constrained minimization of the error estimator in Eq.
(4.11), as follows:

min  ®(b)>0
st. gb)<0 (4.12)
b’ <b<b"

Side constraints b’ and b* in Eq. (4.12) are applied to the design vector as well
as additional constraints g in order to ensure positive definiteness of the

constitutive elastic matrices of all materials present in the structure.
In Eq. (4.12), b is the vector of design variables:

T

1T —m 17 mpT
b:{a A ) A bp, s bpp} (4.13)

where m is the number of different materials and mp <m is the number of

different piezoelectric materials in the laminate. The first components of the
design vector are the non-dimensional viscoelastic material constants, which for a
particular material i can be written as:

o ={E/E. o o b o af (4.14)

where "E] represents the initial estimate for E; . The piezoelectric design
variables for material i are expressed as:
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b =i, ef (4.15)

The components of the constraint vector for material i can be written in terms of

the non-dimensional material parameters as:
—i =i —_
_ 4 as — O as + o (416)
4-al’ -8a, = -8a,

Since the design variables in Eq. (4.14) are complex quantities when viscoelastic
material behaviour is envisaged, their real and imaginary parts are used as
independent design variables in the minimization process. Regarding the
constraint vector in Eq. (4.16), it is only meaningful for the case of purely elastic
behaviour, i.e., it is only used for the estimation of the storage moduli.

b}

ol —4 ~l6a, ~ |8-2a

—i —i —i —i —i —i
g[:{ i a, 8-a, -3a; —a, ‘a4—a3

The numerical optimisation technique integrates methods for unconstrained
problems, based on Gauss-Newton algorithm with the Feasible Arc Interior Point
Algorithm (FAIPA) for constrained optimisation [4.19,4.20], using analytical and
semi-analytical sensitivities [4.1].

For the sensitivity calculations, one obtains the following expression for the
derivative of the objective function with respect to the design variables:

1 2 2 I
0P _ _QZWL"’)(I —ﬁ’—g]%%—zzw)@ —@Jé% (4.17)

ob o ., o, b pry . )1, ob
where
o, 1(030) , OR(A) “18)
ob o, ob ob

and, for the case where the mass matrix does not depend on the design variables:

K
oi Map

" - 4.19
ob u'Mu ( )

Due to the different order of magnitude of the sensitivities of the eigenfrequencies
to different types of possible design variables (viscoelastic and piezoelectric), a
three-phase identification procedure is suggested [4.1]. In the first stage (Phase I),
only the viscoelastic parameters associated with the base composite laminate are
identified. In Phase II the sensors and actuators are exteriorly bonded to the
surfaces of the laminate and the second phase of the identification takes place for
the estimation of the elastic parameters of the piezoelectric material, in closed
circuit conditions (in order to obtain the stiffness parameters at constant electric
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field). Finally, in Phase III estimation of only the piezoelectric parameters is
conducted in open circuit.

It is worthwhile noting that the modified dielectric parameter €,; can be

expressed in terms of the modified piezoelectric parameters, the elastic parameters
and the dielectric coefficient measured at constant stress €. (obtainable from

manufacturer data). In fact, using the conversion relation [4.21] between dielectric
. . -1 .
coefficients at constant stress and constant strain el.js:e; -, 0 e ', together with

the relations in Eq. (4.4), one arrives at the following expression:

*ox * 2 * 2

* r e, e,V e e

Eh=ey, 2322 L% (4.20)
El El E2

Since we can either use the values of €], provided by manufacturers or obtain

these values through capacitance measurements [4.22], no additional design
variables are needed.

4.1.3 Piezo/elastic applications

With the purpose of validating the method for the identification of elastic and
piezoelectric parameters and evaluating the effect of the adhesive interfaces
between the piezoelectric material and the base structure, two identification
simulations are presented. The results of these simulations are then compared with
the results of a real identification, conducted on a similar structure.

The plate used in all situations is made of 12 layers of unidirectional T300 carbon
fibres in epoxy resin, with stacking sequence [0°90°+45°/—45°/0°/90°]; and
dimensions 279.0x199.5x1.6 mm’. The plate is instrumented with 9 piezoelectric
patches of dimensions 50x30x0.5mm’, glued to one of the outer surfaces, and 15
natural frequencies of free vibration are used in the identifications.

For the simulations the piezoelectric material is PZT-5J, whose properties are
assumed to be known (extracted from material tables), and for the experimental
identification PIC-151 is used. For this last material only some reference values
provided by the manufacturer are known and will be used to check the
identification results. In both cases surface electrodes are present.

4.1.3.1 Simulations

For the simulations, the experimental natural frequencies of free vibration are the
natural frequencies obtained through a 3D numerical model [4.23] of both plate
and patches. To model the plate, a hexahedral 20 nodded solid finite element for
laminates is used (SOLID191) and for the piezoelectric material a similar 20-node
element, which includes the piezoelectric effect, is used (SOLID226). The
reference 3D finite element model is shown in Fig. 4.3.
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Fig. 4.3 ANSYS 3D finite element model.

For the numerical 2D identification model a 17 %14 mesh is used and the results of
the identification process are presented in Table 4.1. The natural frequencies
produced by the 3D numerical model are presented in Table 4.2 along with
residuals 7 obtained after identification. Residuals are defined in Eq. (4.18),

where f;, and Z are the natural frequencies [Hz] produced by the numerical

model after identification and the corresponding experimental frequencies [Hz]
(or, in the case of simulations, the ones produced by the 3D numerical model),
respectively.

r=(f,~ f)]fx100 421)

Table 4.1 Identified properties for the simulations.

Carbon T300 PZT-5]1

Estimated Estimated

Goal Estimated Goal without glue  with glue
E' [GPa] 125.0 124.9 61.7 61.5 63.5
E', [GPa] 15.0 15.2 61.7 60.3 50.6
G',, [GPa] 6.0 6.0 24.1 23.8 23.1
G'|, [GPa] 8.0 8.5 213 252 26.5
G',; [GPa] 8.0 8.4 213 252 26.7
V', 0.25 0.24 0.28 0.29 0.36
ey, [N/Vm] — — -18.9 -18.5 -17.3
e;, [N/Vm] — — -18.9 -18.6 -13.7
el [10° F/m] — — 23.0 — —
p [kg/m’] 1600 — 7400 — —
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Table 4.2 Simulated natural frequencies and residuals obtained after identification.

Phase I Phase II Phase III Phase II (glue) | Phase III (glue)

Y Stz nel | filEz nI%) | filHz) nI%) | filHz) %) | fiiHz) 7 (%)
1 88.5  0.03 98.9  0.10 99.0  0.10 98.8 -0.11 98.9 -0.11
2 1444  0.00 147.8  0.05 149.1 0.04 148.1 0.08 149.1 0.13
3 230.1 0.00 248.9 0.03 250.0 0.02 248.8  -0.02 249.6  -0.00
4 245.9 0.01 254.6 0.03 257.5 0.08 252.3 0.03 254.1  -0.01
5| 3012  0.01 320.6  0.00 | 322.1 0.02 | 319.1 -0.13 320.1 -0.17
6| 4042 -0.01 411.5 0.02 | 4158 0.02| 4113 036 | 4145 0.41
7| 456.8 -0.01 493.8 -0.00 | 496.7 0.00 | 4924  0.09 | 4945 0.08
8| 486.1 -0.01 5155 -0.04 | 517.6 -0.04 | 5148 0.00| 5164  0.01
91 6737 0.02| 698.1 -0.05| 704.7 -0.01 691.8  0.00 | 696.1 -0.06
10| 7199 -0.03 7549 -0.05| 760.6 -0.03 749.5  0.00 | 7533 -0.04
11 726.6 0.00 783.9  -0.07 787.2  -0.06 781.9 0.03 784.3 0.03
12 788.9 0.01 797.2 0.04 814.6 0.00 804.3 -0.34 8184 -0.33
13 848.8  0.01 870.0 -0.01 883.3 -0.03 873.6 -0.08| 8845 -0.13
14| 8981 -0.02| 936.7 -0.08| 9425 -0.05| 931.5 0.02| 935.1 0.03
15] 10857 -0.02 | 1105.0 -0.06 | 1120.6 -0.06 | 1102.1 034 | 11143 0.30

A good agreement is sought between the identified parameters and the true ones,
which is reflected in the low frequency residual levels.

To evaluate the effect of the adhesive interfaces in the identified properties, 0.1
mm thick interface layers were inserted in the 3D numerical model. For these
layers, 20 nodded hexahedral elements (SOLID95) were used, along with an
isotropic material with properties £=0.6 GPa and v =0.3. The identified properties
are presented in Table 4.1 and the natural frequencies produced by the 3D
numerical model along with residuals after identification are presented in Table
4.2. It is worthwhile noting that the interface layers were not included in the 2D
identification numerical model, as this model does not allow for the necessary
strain discontinuities that arise in the interfaces and, in a practical situation, it is
also difficult to determine the characteristics of the adhesive layers with sufficient
accuracy.

Observing the results one can conclude that the identified properties are in fact
affected by the insertion of these adhesive layers. The Young’s modulus and the
piezoelectric constants exhibit a noticeable asymmetric behaviour.

4.1.3.2 Experimental verification

In order to verify the applicability of the identification method and the validity of
the simulation results, a T300 carbon fibre plate with the characteristics described
before has been employed. The piezoelectric patches are of the same dimensions,
but the material used in the experimental work is PIC-151, with NiCu wrap-
around electrodes, as shown in Fig. 4.4. The patches were glued to the plate using
commercially available cyanoacrylate glue. Fig. 4.4 also shows the elastic rubber
band suspension of the plate, the Briiel & Kjer 8203 impact hammer and the
Briiel & Kjar 4190 condenser microphone, used to excite and measure the
response of the plate in free vibration. The frequency response functions were
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Fig. 4.4 Experimental setup.

obtained through the Briiel & Kjar 2148 spectrum analyser and were curve fitted
in order to extract the undamped natural frequencies through ME’scope modal
analysis software [4.24].

The identified properties are shown in Table 4.3, along with some available
manufacturer (PI Ceramic) data for PIC-151, and experimental frequency results
are presented in Table 4.4, along with residuals obtained after identification for
each phase.

It is more frequent to find tabled piezoelectric properties in the form of charge
coefficients d;;. Using the conversion relation [4.21] between voltage and charge
coefficients d, = eikQ,‘;_1 along with Eq. (4.3) we arrive at the following

expression that allows for the calculation of these charge coefficients after all
material properties have been identified:

* * '
_G1 SV
31 T

E' E'
R (4.22)
_% &V
2 Evz E'l

The experimental results confirm some of the observed tendencies in the
simulations, namely the strong asymmetry exhibited by the Young’s modulus and
piezoelectric coefficients. However, values obtained for d; are not in complete

disagreement with the values provided by the manufacturer, considering the effect
of the glue interfaces.
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Table 4.3 Identified properties for the experimental test case
(measured values of p).

Carbon T300 PIC 151
Estimated | PI Ceramic Estimated

E'| [GPa] 123.9 66.7 56.5
E', [GPa] 16.8 66.7 42.8
G',, [GPa] 5.8 — 17.6
G',; [GPa] 8.5 — 23.8
G',; [GPa] 8.5 — 23.9
V', 0.24 0.34 0.36
ey, [N/Vm] — — -15.5
ey, [N/Vm] — — -12.8
dy, [10"7 m/V] — -210 -194.5
dy, [10" m/V] — -210 -200.7
€1, [10° F/m] — 212 —

p lkg/m’] 1610 8036 —

Table 4.4 Experimental natural frequencies and residuals
obtained after identification.

Phase I Phase 11 Phase 111

flE ) | fii nl%] | filHE 7 %)
87.6 0.06 94.5 0.17 94.5 0.22
143.7 0.15 145.1 0.39 146.1 0.38
229.2 -0.26 241.9 -0.25 242.8 -0.26
2470  -0.28 2499  -0.42 251.8 -0.39
300.9 -0.20 312.3 -0.19 313.3 -0.20
403.8 -0.18 406.0 0.11 409.3 0.16
454.1 0.12 479.8 0.05 481.9 0.06
4844  -0.22 503.3 -0.06 505.0 -0.05
9 673.0 0.24 680.7 0.31 684.8 0.39
10 716.3 -0.00 737.7 0.11 741.1 0.20
11 726.5 0.02 7627 -0.14 7652  -0.13
12 786.9 -0.02 784.3 -0.36 798.2 -0.37
13 842.1 0.40 851.5 0.18 861.9 0.25
14 896.1 -0.00 910.6 0.27 914.7 0.22
15 1079.7 0.16 1080.1 0.02 1093.2 -0.05

OO DN B W~

4.1.4 Viscoelastic Applications

In order to assess the capability of the present technique to estimate damping
properties, namely the material loss factors, experimental data concerning the first
six natural frequencies and modal loss factors of a CFRP 913C-TS plate with
unidirectional 0° fibres was taken from [4.25]. The plate dimensions are
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252x192x1.155 mm® and experimentally measured properties obtained through
direct methods are given in Table 4.5 along with the estimated parameters
obtained by the present inverse technique. In Table 4.6 experimental natural
frequencies and modal loss factors are presented along with the residuals obtained
after identification.

To aid the interpretation of experimental results, two identification simulations are
conducted, where the experimental natural frequencies and modal loss factors are
substituted by the ones obtained through the present numerical model for a set of
chosen material properties, which are shown in Tables 4.7 and 4.8, where
identified results are presented using six and twelve complex natural frequencies.

It can be seen that parameter estimation with only six natural frequencies and
corresponding modal loss factor is not recommended for this model, as we are
tying to estimate twelve parameters with twelve experimental quantities. Since
this is an ill-posed problem, it is usually recommended to use at least twice the
experimental data values than the parameters needed to be estimated. Furthermore,
the authors of [4.25] mention the use of an accelerometer in some particular
situations [4.26]. It is not clear whether or not they used an accelerometer in this
particular case. If so, some shift in some particular frequencies might have been
produced by the modal mass of the accelerometer and thus leading to poor
identification results, especially in Poisson’s ratio, which is most sensitive to this
effect.

Table 4.5 Identified properties for the experimental test case with damping.

Direct
Measurement [4.25] | Estimated
E', [GPa] 110.0 111.5
E', [GPa] 9.0 8.6
G',, [GPa] 3.9 3.6
G'\; [GPa] — 3.9
G',; [GPa] — 3.9
Vi, 0.34 0.61
N, [%] 0.75 0.52
Mg, [%] 5.95 5.47
Mg, [%] 6.79 8.54
Mg, [%] — 85.17
Ne,, 7] — 99.41
1, [%] — 0.00
p [kg/m’] 1513 —
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Also the present technique does not account for frequency dependent material
parameters (hysteretic type damping) and, consequently, the estimated parameters
can only be regarded as mean values for the frequency range of interest.

4.1.5 Conclusions

An inverse method for estimation of elastic and piezoelectric parameters has been
presented along with some results that illustrate the effect of adhesive interfaces
on the estimated properties.

Based on the results of the simulation with no adhesive interfaces, one can
conclude that the present numerical model is rather accurate for relatively thin
structures when compared with the 3D numerical models employed.

Table 4.6 Experimental natural frequencies, modal loss factors and
residuals obtained after identification.

~

i | filHz) | T [%] | 17,1%) | 1, [%]

39.2 0.42 8.33 1.45
76.4 | 0.40 5.36 1.99
111.8 | -0.55 7.13 | -1.31
161.9 0.24 | 0.67 0.22
178.6 | -0.25 231 -0.99
2155 ] -0.10 551 -1.51

AN DN B W~

Table 4.7 Identified properties for the simulation test cases with damping.

Estimated
Goal Using 12 Using 6
frequencies frequencies

E', [GPa] 110.0 110.0 110.4
E', [GPa] 9.0 9.0 9.0
G',, [GPa] 3.9 3.9 3.9
G'; [GPa] 3.9 3.9 3.9
G',; [GPa] 3.9 3.9 3.9
V', 0.34 0.33 0.16
N5, [%] 0.75 0.75 0.77
Mg, [%] 5.95 5.95 5.95
Mg, [70] 6.79 6.78 6.74
Mg, [%] 6.79 5.62 5.39
Ng,, [%] 6.79 10.65 5.15
1, [%] 6.79 6.94 36.82
p [kg/m’] 1513 _ _
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Table 4.8 Natural frequencies, modal loss factors and residuals obtained after
identification in the simulation test cases with damping.

_ Using 12 frequencies Using 6 frequencies
i | filHz | 7;1%]
rel el | el 7, %]
1 40.9 6.71 -0.01 -0.05 -0.01 -0.69
2 78.5 5.94 -0.01 0.00 -0.23 -0.34
31 1143 6.38 -0.02 -0.02 -0.11 0.36
41 160.0 0.91 0.02 -0.00 -0.11 -0.26
51 179.0 2.06 0.03 0.06 0.12 0.73
6| 217.7 6.09 -0.03 -0.07 -0.23 0.17
71 245.2 4.27 -0.02 -0.03
8| 2494 6.20 -0.02 0.01
91 3703 5.54 -0.04 0.02
10 | 426.1 6.08 -0.02 -0.09
11| 439.2 1.17 0.04 -0.03
12 | 4559 5.76 -0.03 0.18

Results of the simulation including adhesive interfaces in the 3D numerical model
allow us to conclude that the effect of these interfaces must not be disregarded in
equivalent single layer 2D models and furthermore explain some tendencies
observed in the experimental identification that was conducted. However, values
obtained for d,, and d,, are not in disagreement with reference ones provided by

the manufacturer, as they are affected by the adhesive interfaces.

The relatively low value obtained for Young’s modulus E,, and not foreseen

through the simulations, may be due to the properties of the particular glue that
was used, to the possible thickness variation of the glue interfaces, to the small
misalignments of the patches, among others. According to some numerical studies
conducted by the authors, the effect of the wrap-around electrode configuration
does not affect the natural frequencies in a noticeable way, when compared to the
standard electrode configuration.

The identification of damping properties has been also attempted with a hysteretic
damping model, although the experimental data was taken from the literature and
the number of modes available was not clearly enough to conduct a reliable
identification. However the trends present in the results show that the current
procedure can in fact be used if enough experimental data is available.

As a final conclusion one can say that, in spite of the need for more identification
tests, the presented numerical model along with the identified properties
guaranties the best fit to the experimental data and frequency range under
consideration. In this sense, this model can be used with confidence along with
the identified parameters for analysis and control of the tested structure.
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4.2 Non-direct optimisation technique

Due to great importance to define performance, reliability and safety requirements
for advanced composite products and services, in the last three decades, a
considerable effort has been devoted to the studies of their mechanical material
properties and several different methods have been developed.

For many orthotropic sheet materials, a measurement method based on low-
frequency vibration [4.14,4.27-4.35] is not only the simplest approach, it is also
the only approach, which does not suffer from grave difficulties of principle,
when the results are used to make predictions in the same range of frequencies.
There are two other general methods might be used, static measurements [4.36-
4.41] and ultrasonics [4.42-4.46], but neither is wholly appropriate for
characterisation of mechanical material properties of advanced composites. The
difficulties are most obvious, when it comes to the determination of damping
"constants", since these would be expected to be frequency dependent. But even
for the measurement of elastic constants there are major problems.

On this reason, Task 1.4 was devoted to the development of inverse technique
based on vibration tests and characterisation of advanced composite material
properties. It is necessary to note that non-direct optimisation methodology based
on the planning of experiments and response surface technique has been applied
in this case to decrease considerably the computational efforts.

4.2.1 Identification procedure

The basic idea of the identification technique developed is that simple
mathematical models (response surfaces) are determined only by the finite
element solutions in the reference points of the experimental design. The
functional to be minimised describes the difference between the measured and
numerically calculated parameters of the structural response. By minimising the
functional, the identification parameters are obtained. A significant reduction in
calculations of the identification functional can be achieved in comparison with
the conventional methods of minimisation in this case.

The numerical-experimental procedure proposed in the present study consists of
five stages presented in Fig. 4.5. In the first stage the physical or numerical
experiments are carried out and dynamic parameters of structure are determined.
In the second stage the plan of experiments should be developed in dependence on
the number of design parameters (identified values) and number of experiments.
Then the finite element analysis is performed in the reference points of
experimental design and dynamic parameters of structure are calculated in the
third stage. In the fourth stage the numerical data obtained by the finite element
method are used to determine a simple functions using response surface method.
An identification of the material properties is performed in the final stage
minimising the error functional between experimental and numerical structural
responses.
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Fig. 4.5 Identification procedure.

4.2.2 Theoretical background
The inverse technique developed requires the following elements: experimental
set-up, numerical model and material identification procedure.

4.2.2.1 Experimental set-up

Usually two experimental set-ups are used in the identification procedure. The
first is based on the impulse technique and uses contact measurements by
accelerometers (Fig. 4.6), the second is based on non-contact laser measurements
(Fig. 4.7). In both cases the PCB impulse hammer or shaker or PZT materials
glued to the investigated object are applied to produce excitations.

To identify material properties of advanced composites, different rectangular
samples are prepared usually. In the present study 3 carbon/epoxy plates (two uni-
directionally reinforced and one multi-directionally reinforced) and sandwich
plate have been tested. Sandwich plate is made from aluminium external layers
and adhesive viscoelastic layer used as a sandwich core. To verify the developed
inverse technique, the aluminium plate has been tested also. To avoid additional
mechanisms of energy dissipation in supporting constructions, the simply
supported boundary conditions have been realised for homogeneous and
laminated composite plates. In this case plates have been suspended using two
thin threads.

In the present study the eigenfrequencies and corresponding eigenmodes of
homogeneous aluminium plate have been determined using POLYTEC laser
vibrometer operating on the Doppler principle and measuring back-scattered laser
light from a vibrating structure to determine its vibration velocity and
displacement. The dynamic characteristics of laminated composite plates have
been extracted using ISI-SYS laser vibrograph (Fig. 4.7) operating on the
interferometry and correlation principles and using the forced normal mode
excitation method for vibration measurements.
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Fig. 4.6 Impulse technique.
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Fig. 4.7 ISI-SYS laser vibrograph.

4.2.2.2 Numerical model
In the present investigation, the finite element method is used for the modelling
and dynamic analysis.

Finite element models

Finite element modelling is based on the first-order shear deformation theory
including rotation around the normal. In this case the widely known expressions
of displacements have the following form:

u=u,+zy, , v=vtzy, , w=w, (4.23)
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where u,,v,, w, are the displacements in a reference plane, z is the coordinate of
the point of interest from a reference plane, y,,y, are the rotations connected

with the transverse shear deformations.

For sandwich composites this hypothesis is applied separately for each layer (Fig.
4.8). This case corresponds to the broken line model [4.47] and satisfies to the
following displacement continuity conditions between the layers

u® =@ Cu®=y®
z=z z=z,

v =y , v =y (4.24)
z=7 z=2,

wh = @ oo =y ®

z=z) 7=z,

where in the brackets, the numbers of layers are presented.

At the same time for laminated composite models this hypothesis is used already
for the entire laminate (Fig. 4.9). In this case transverse shear stiffness is obtained
by using the shear correction factors

O, =kk,> A (z,—z_,) (4.25)
=1

where Al; is the stiffness matrix of /™ layer, and z,, z, , are the upper and lower

bounds of /™ layer. The shear correction coefficients can be calculated by different
approaches [4.48].

Dynamic analysis

To describe the rheological behaviour of viscoelastic materials in the finite
element models, the complex modulus representation [4.49] is used. It is
necessary to note that the storage and loss moduli in this case are frequency- and
temperature-dependent values.

The dynamic characteristics are extracted by the method of complex eigenvalues
developed in the frames of CASSEM project (WP2, Task 2.2) and described in
the deliverable D4 and in the paper [4.50]. Damped eigenfrequencies and
corresponding loss factors in this case are determined from the free vibration
analysis of a structure

K’ (0)-0”M[X" =0 (4.26)

where M is the mass matrix of a structure, K (w)=K(w)+iK"(®w) is the

complex stiffness matrix of a structure, ® =w+io” is the complex
eigenfrequency. The real part @ represents the damped eigenfrequency of a
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Fig. 4.8 Kinematic assumptions for a sandwich plate in ZX-plane.
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Fig. 4.9 Laminated composite beam.

structure and the imaginary part @" specifies the rate of decay of the dynamic
process. The matrix K(w) is determined using the storage moduli E(w) and

G(w), while K"(w) is found using the imaginary parts of the complex moduli
E"(w)=n,(w)E(®w) and G"(0)=1.(0)G(®w), where 1,(®) and 7.(w) are the

material loss factors.

Eq. (4.26) can be written as the non-linear generalised eigenvalue problem
K' (o)X = MX 4.27)

where 4 =@ is the complex eigenvalue and X is the complex eigenvector.
Solution of Eq. (4.27) starts with a constant frequency (@ = const ). Then at each
step the linear generalised eigenvalue problem with K’ (@) = const is solved by
the Lanczos method, which is programmed in a truncated version, where the
generalised eigenvalue problem is transformed into a standard eigenvalue problem
with a reduced order symmetric tridiagonal matrix. Orthogonal projection
operations are employed with greater economy and elegance using elementary
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reflection matrices. The iteration process terminates, when the following
condition is satisfied

1

2w~ @ 15004 < £ (4.28)
.

1

where & is a desired precision and @, is the real part of eigenfrequency of a

structure calculated from the linear generalised eigenvalue problem with the
storage and loss moduli for the frequency ,, which was obtained from the same

equation in the previous step. The modal loss factors of structure for each
vibration mode are determined by the following relation

ﬂ’"
=n 4.29
7, = (4.29)

n

This approach gives the possibility to preserve the frequency dependence of
viscoelastic materials and to calculate structures with high damping. In the case,
when the storage and loss moduli are constant values, we have to deal with so
called the hysteretic damping model. If only the elastic behaviour is examined, the
complex stiffness matrix is changed with the real stiffness matrix.

4.2.2.3 Material identification procedure
At the beginning the plan of experiments should be developed in dependence on
the number of design parameters (identified values) and number of experiments.

Planning of experiments

Let us consider a criterion for elaboration of the plans of experiments independent
on a mathematical model of the designing object or process. The initial
information for elaboration of the plan is number of factors » and number of
experiments k. The points of experiments in the domain of factors are distributed
as regular as possible (Fig. 4.10). For this reason the following criterion is used

k
D= ll2:> min (4.30)
i=1 j=i+1"%jj

5

Fig. 4.10 2D design space.
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where /; is the distance between the points having numbers i and j (i# /).

Physically it is equal to the minimum of potential energy of repulsive forces for
the points with unity mass if the magnitude of these repulsive forces is inversely
proportional to the distance between the points.

For each number of factors » and number of experiments k it is possible to
elaborate a plan of experiments. But it needs much computer time, therefore each
plan of experiment is elaborated only once and it can be used for various
designing cases. The plan of experiments is characterised by the matrix of plan B;;.

When the domain of factors is determined as x, e[x;.“i“,x;“a"] , the points of

experiments are calculated by the following expression

i min 1 max min . .
X = e B, 1), =12k, j=120n (43D)

Then the numerical computations are carried out in these points and the dynamic
characteristics obtained by the finite element method are used to determine a
simple functions using response surface method.

Response surfaces

In the present approach a form of the equation of regression is unknown
previously. There are two requirements for the equation of regression: accuracy
and reliability. Accuracy is characterised as a minimum of standard deviation of
the table data from the values given by the equation of regression. Increasing a
number of terms in the equation of regression it is possible to obtain a complete
agreement between the table data and values given by the equation of regression.
However, it is necessary to note that prediction at the intervals between the table
points can be not so good. For an improvement of prediction, it is necessary to
decrease a distance between the points of experiments by increasing the number
of experiments or by decreasing the domain of factors. Reliability of the equation
of regression can be characterised by an affirmation that standard deviations for
the table points and for any other points are approximately the same. Obviously
the reliability is greater for a smaller number of terms of the equation of
regression.

The equation of regression can be written in the following form
P
y =2 4f(x) (4.32)
i=1

where A; are the coefficients of the equation of regression, f(x;) are the

functions from the bank of simple functions 6,,6,,...,6, which are assumed as,

0, (x)=]]x" (4.33)
i=1
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where & = is a positive or negative integer including zero. Synthesis of the

equation from the bank of simple functions is carried out in two stages: selection
of perspective functions from the bank and then step-by-step elimination of the
selected functions.

On the first stage, all variants are tested with the least square method and the

function, which leads to the minimum of the sum of deviations, is chosen for each
variant. On the second stage, the elimination is carried out using the standard

deviation
S ] & 1& Y
o=, , O=_ |7 L= . 4.34
) ,/k_p+1 k_lg[y, kaJ (4.34)

or correlation coefficient

c =(1—EJ*100% (4.35)

Oy

where k is the number of experimental points, p is the number of selected
perspective functions and S is the minimum sum of deviations. It is more
convenient to characterise an accuracy of the equation of regression by the
correlation coefficient (Fig. 4.11). If insignificant functions are eliminated from
the equation of regression, a reduction of the correlation coefficient is negligible.
If in the equation of regression only significant functions are presented,
elimination of one of them leads to important decrease of the correlation
coefficient.

Then an identification of viscoelastic material properties £ (w) and G (®) is

carried out minimising the error functional between experimental and numerical
structural responses for each eigenmode

(fexp _ fFEM)Z (ngxp _ nfEM)Z '
O,(X) =~ ’ ' : (4.36)
(ﬁ o )Z + (mexP )Z — min

AC %
mFr-------—-—-—----
c*
50 |
|
| >p

O 1 p * plﬂ(lX

Fig. 4.11 Diagram of elimination for the correlation coefficient.
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In this case we have an identified material properties for each eigenfrequency.
After application of the curve fitting procedure the frequency-dependent
viscoelastic material properties are easily obtained.

Non-linear optimisation
To minimise the error functional, the following constrained non-linear
optimisation problem should be examined

min ®(x); H,(x) 2 0;G,(x) =0

(4.37)
i=12,...,0;,j=12,.,J

where [ and J are the numbers of inequality and equality constraints. This problem

is replaced to the unconstrained minimisation problem in which the constraints are

taken into account with the penalty functions. New version of random search

method is used for solving of the formulated optimisation problem.

4.2.3 Identification of material properties

Testing of the developed inverse technique based on vibration tests has been
carried out identifying the material properties of homogeneous isotropic
aluminium plate. Then the orthotropic material properties of 3 carbon/epoxy
plates (two uni-directionally reinforced and one multi-directionally reinforced)
and viscoelastic material properties of sandwich plate adhesive core have been
identified.

4.2.3.1 Identification of isotropic material properties

Identification of isotropic material properties has been carried out for the
aluminium plate (Fig. 4.12) with the density and geometrical parameters presented
in Table 4.9. The eigenfrequencies have been measured by two experimental
techniques: Pulse LabShop technique and POLYTEC laser vibrometer.

To describe the isotropic material properties only two material constants are
necessary: £ — modulus of elasticity and G — shear modulus. Shear modulus is
taken instead of Poisson ratio v to get approximately the close values for material
constant boarders (Table 4.10) used in the identification process. In this case an
application of any scaling technique is not required.

Fig. 4.12 Homogeneous plate.
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Table 4.9 Geometric dimensions and density of aluminium plate.

Specimen | AL-SP1

a, mm 300
b, mm 300
h, mm 2.3

p, kg/m’ 2800

Table 4.10 Boarders of identified parameters.

Parameters of identification | min | max
E, GPa 60 80
G, GPa 22 30

The plan of experiments has been produced for 2 design parameters and 35
experiments. Then finite element analysis has been performed in 35 experimental
points and 17 first eigenfrequencies has been determined. Employing these
numerical values, the approximating functions (response surfaces) for all
eigenfrequencies, excluding coupled eigenfrequencies, were obtained. The error
functional in this case can be written in the following form:

PX)=). i

SR

Minimising this functional, the elastic material constants have been obtained
(Table 4.11). The results have been verified comparing the experimentally
measured eigenfrequencies with the numerically obtained using the identified
elastic properties. The residuals are calculated by the following expression

— min (4.38)

A ~ f;exp_f;FEM‘
i fexp
i

x 100% (4.39)

Results of verification for the aluminium plate are given in Table 4.12. It is seen
from this table that the eigenfrequencies calculated by the finite element method
using the elastic properties obtained trough identification procedure are in good
agreement with the experimental results. The difference in terms of residuals is
less than 1% in most cases. It is necessary to note that only eigenfrequencies
located in the table cells coloured by grey pen have been taken into identification
process.

Table 4.11 Material constants identified.

E, GPa | G, GPa )
POLYTEC 70.45 | 26.29 0.34
Pulse LabShop | 70.85 | 26.64 0.33
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Table 4.12 Verification of eigenfrequencies (Hz)
using the identified parameters obtained.

CASSEM

POLYTEC PULSE LabShop
Mode ™EXp T FEM | a.% | EXP | FEM | A%
1 83 82 1.20 83 83 0
2 118 120 1.69 120 120 0
3 154 153 0.65 154 153 0.65
4 212 214 0.94 214 215 0.47
5 215 214 0.47 216 215 0.46
6 379 382 0.79 381 382 0.26
7 384 382 0.52 383 382 0.26
8 390 392 0.51 394 394 0
9 428 426 0.47 428 428 0
10 486 482 0.82 485 482 0.62
11 636 652 2.52 649 654 0.77
12 655 652 0.46 657 654 0.46
13 734 729 0.68 721 730 1.25
14 761 768 0.92 764 767 0.39
15 818 819 0.12 808 820 1.49
16 825 819 0.73 821 820 0.12
17 948 946 0.21 953 949 0.42
4.2.3.2 Identification of orthotropic material properties

Identification of orthotropic material properties has been carried out for the 3
laminated carbon/epoxy plates (two uni-directionally reinforced made from the
same material and one multi-directionally reinforced) (Fig. 4.13) with the density,
layer stacking sequence and geometrical parameters presented in Table 4.13. Fibre
volume content of these laminates is about 60%. The eigenfrequencies have been
measured by ISI-SYS laser vibrograph.

Fig. 4.13 Laminated composite plate.
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Table 4.13 Geometric dimensions and density of laminated composite plates.

Specimen | LA-UD-SP1 | LA-UD-SP2 | LA-MD-SPI
a=b, mm 207.5 205 210
h, mm 2.0 2.0 2.0
p, kg/m’ 1535 1589 1619
lay-up (0)16 (0)16 (0/90/45/-45)s,

To describe the orthotropic material properties of a single layer in the laminated
composite plate, five material constants are necessary: E,, E, = E; — moduli of
elasticity, G,, = G5, G,; — shear moduli and v,, =v,; - Poisson ratio. Since the
parameters with so different magnitude, like elastic moduli and Poisson ration, are
taken for identification, some scaling operators should be carried out. In the paper
[4.51] the scaling by longitudinal modulus E, was employed and in addition a

fixed scaling factor was chosen. Similar scaling and reparametrisation was
employed in [4.52], where additional scaling by the first experimental frequency
allows reducing the number of unknown variables from five to four. Thus material
parameters of a single layer can be expressed in terms of dimensionless variables
[4.12]

a,=4—-4(E,/E)
a,=1+(E,/E)1-2v,,)-4(G,/E)e,
a, =1+ (E,/E)(1+6v,) - 4G,/ E)a
a; =HGy + Gy E,

(4.40)

where o, =1-0.,(E,/E,) . Now the vector of parameters to be identified is

defined through dimensionless quantities X = [x,,x,,%,,x,]= e, a5, 2, a5 ]

Let the experimental eigenfrequencies are @;",@;”,...,w," , where N is the

number of measured eigenfrequencies. The value of N is taken usually between 7

and 15. The corresponding numerical eigenfrequencies for the set of material

parameters o, are @ ", @i ..., . Let us consider the scaling parameter C,

which is chosen according the relation
a)epo
1 1

M

where @™ is the first numerical eigenfrequency calculated with the prior

selected value of the longitudinal Young’s modulus E, of the layer.

The plan of experiments has been produced for 4 design parameters and 35
experiments. The boarders for the identified parameters are given in Table (4.14).
Then finite element analysis has been performed in 35 experimental points and 17
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Table 4.14 Boarders of identified parameters.

LA-UD-SP1 | LA-UD-SP2 | LA-MD-SP1
Parameters of identification | min | max | min | max | min | max
E], GPa 171 170 150
E, =E,, GPa 96 | 11.6 | 10.6 | 11.6 | 7.5 9.5
G,, =G,;, GPa 525 | 725 | 5.8 6.8 5.0 6.5
G,;, GPa 6.5 8.5 4.0 52 50 | 10.0
U, = U 02 | 045 | 02 | 045 | 0.25 | 045

first eigenfrequencies has been determined for the uni-directional laminated plates
and 40 first eigenfrequencies — for multi-directional laminated plate. Employing
these numerical values, the approximating functions (response surfaces) for all
eigenfrequencies were obtained. The error functional in this case can be written in
the following form:

exp2 CwFEMz)2
i

O(X) = ﬁ(“’

= min (4.42)

exp4
i

and solution should satisfied to the following constraints:

gx)=a,>0 or E,/E >1
8—a, -3a,-q,

o[ (452)

2. -1/28 -, - 3a, — ¢
()= 2057126 ~3a, - a)
gl_| %% (4—052)
8—2a, || 4

- 4
g,(x) = %E§1233§+ /4_% >0 or JE/E,~|v,|>0

min max .
g™ <a, <a™,  i=2345

g,(x) = >0 or G,/E >0

>0 or Gu/E >0 (4.43)

These constraints denote conditions of a positive definiteness of elasticity matrix.

It should be noted that the number of frequencies used for the identification is
different for each specimen. The experimentally measured frequencies can be
used for identification in any combination. A cross validation for all sample points
was performed in such way to achieve a better approximation of the original
function and to select the most important (most sensitive to elastic constants) and
reliable frequencies. The results of identification after application of the following
inverse relations
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E, 4-aq,
E 4
G, 8-a,-3a,-a,
E, 16a,
_% %
U, 8~ 2a, (4.44)
G,;, 2a,-058-a,-3a,—-a,)
E, - 8a,

are given in Table 4.15. After evaluation of these parameters the value of Young’s
modulus of the layer in the fibre direction E, can be easily obtained, since C and

a, are known. The steps of this evaluation are shown below.

The eigenvalue problem for mode X, corresponding to the first experimental
eigenfrequency @;* can be written in an equivalent form placing E, in evidence:

EKX, = of™*MX, (4.45)

were EIK =K is the stiffness matrix. Taking into account the relation (4.41) this
equation can be written as

CE’KX, = Co™"*MX, (4.46)
were E, =CE, and E/ is the initial guess value given to the Young’s modulus in

the fibre direction of the layer and E, is the corresponding identified mechanical
property.

The results have been verified comparing the experimentally measured
eigenfrequencies with the numerically obtained using the identified elastic
properties. The residuals are calculated by Eq. (4.39). Results of verification for
laminated composite plates are given in Table 4.16. It is seen from this table that
the eigenfrequencies calculated by the finite element method using the elastic

Table 4.15 Material constants identified.

Identified parameters LA-UD-SP1 | LA-UD-SP2 | LA-MD-SPI
E,, GPa 171.05 171.37 153.17
E,=E,, GPa 10.44 11.20 8.16
G,, =G,;, GPa 6.07 6.35 5.79
Gy, GPa 7.71 4.57 7.84
U, =0y 0.48 0.23 0.27
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Table 4.16 Verification of eigenfrequencies (Hz)
using the identified parameters obtained.

Mode LA-UD-SP1 LA-UD-SP2 LA-MD-SP1
EXP | FEM | A,% | EXP | FEM | A,% | EXP | FEM | A, %
1 97 97 0 98 98 0 164 | 164 0
2 124 | 124 0 127 | 127 0 257 | 269 | 4.67
3 237 | 234 | 127 | 238 | 237 | 042 | 326 | 322 | 1.23
4 341 | 342 | 029 | 350 | 350 0 421 | 433 | 2.85
5 458 | 454 | 0.87 | 458 | 460 | 0.44 | 453 | 450 | 0.66
6 503 | 503 | 0.00 | 496 | 496 0 - 786 -
7 541 | 539 | 037 | 533 | 533 0 797 | 792 | 0.63
8 653 | 650 | 046 | 649 | 648 | 0.15 | 848 | 847 | 0.12
9 - - - - - - 904 | 899 | 0.55
10 ; ; ; ] ; ; 1021 | 1003 | 1.76
11 - - - 858 | 857 | 0.12 | 1325 | 1309 | 1.21
12 ; ; ; ; ; ; : 1343 | -
13 [ 1168 | 1167 | 0.09 - - - 1530 | 1529 | 0.07
14 1661

15 1381 | 1377 | 0.29 | 1355 | 1359 | 0.30 | 1692 | 1668 | 1.42

16 1413 | 1408 | 0.35 | 1391 | 1390 | 0.07 | 1810 | 1777 | 1.82

17 1512 | 1503 | 0.60 | 1487 | 1487 0 1878 | 1906 | 1.49

18 - - - - - - - 2040 -
19 - - - - - - 2175 | 2162 | 0.60
20 - - - - - - 2534 | 2529 | 0.20
21 - - - - - - - 2636 -
22 - - - - - - 2652 | 2658 | 0.23
23 - - - - - - 2726 | 2718 | 0.29
24 - - - - - - 2758 | 2744 | 0.51
25 - - - - - - 2892 | 2851 | 1.42
26 - - - - - - - 3041 -
27 - - - - - - - 3198 -
28 - - - - - - 3482 | 3506 | 0.69
29 - - - - - - - 3647 -
30 - - - - - - - 3763 -
31 - - - - - - 3782 | 3799 | 0.45
32 - - - - - - - 3881 -
33 - - - - - - - 4054 -
34 - - - - - - - 4154 -
35 - - - - - - 4320 | 4259 | 141
36 - - - - - - - 4512 -
37 - - - - - - - 4523 -
38 - - - - - - - 45717 -
39 - - - - - - 4911 | 4884 | 0.55
40 - - - - - - - 5082 -
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Table 4.17 Comparison of identified material properties
with the results of static tests.

Material LA-UD-SP1 and LA-UD-SP2 LA-MD-SP1
properties Static test Identified Static test Identified
E, , GPa 176 (143) 171 168 (145) 153
E,=E,, GPa 8.9 (9.6) 10.8 9.1 (8.9) 8.2
G, =G5, GPa 52 6.5 5.6 5.8
G,;, GPa - 6.1 - 7.8
U, =0y, 0.34 0.36 0.33 0.27

properties obtained trough identification procedure are in good agreement with the
experimental results even for the frequencies not used in identification process.
The difference in terms of residuals is less than 2% in most cases. It is necessary
to note that only eigenfrequencies located in the table cells coloured by grey pen
have been taken into identification process.

In order to validate results obtained from identification, static tests have been
carried out according to ASTM guidelines. Test results are presented in Table
4.17, where in the brackets the values obtained from static compression tests are
given. In general satisfied agreement of the results is observed.

4.2.3.3 Identification of viscoelastic material properties

Identification of viscoelastic material properties has been carried out for the 3M
viscoelastic damping polymer ISD-112 used as a core material in the sandwich
panel (Fig. 4.14). The external layers made from aluminium 2024 T6 have the
following properties: E =64 GPa, v=0.32, p=2695-Ns*/m". This panel can be
examined as a sandwich beam with width 5=0.05 m, length L=0.3 m and thickness
of layers 4;,=0.0012 m, /4,=0.0001016 m, 4;=0.0008 m. The clamped boundary
conditions are applied from one side of the beam (Fig. 4.15). It dynamic
characteristics (eigenfrequencies and corresponding loss factors) have been
determined numerically using the complex eigenvalues method.

To describe the viscoelastic isotropic material properties only one material
parameter is necessary: E (w) = E(w)+iE"(w) - modulus of elasticity. However
in this case, it is complex value consisting of storage E(w) and loss E"(w) parts,
which are both frequency-dependent values. As known material parameters,
Poisson ratio v=0.49 and density p=1300-Ns*/m* are taken into consideration. The
boarders for the identified parameters are given in Table (4.18) to follow the
material properties presented in Table (4.19) for the frequency range f=0,...,2000
Hz and temperature 37.8°C.
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Fig. 4.14 Sandwich panel.

L = =y i) =0
UE@J :WELGJ :‘)’FJ =7

Fig. 4.15 Boundary conditions applied.

Table 4.18 Boarders of identified parameters.

Parameters of identification | min | max
E(w), MPa 0.596 | 5.960

E"(w), MPa 0 |7.228

Table 4.19 Boarders of identified material properties.

Parameters of identification | min | max
G, MPa 0.2 2.0
n 0 1.4
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The plan of experiments has been produced for 2 design parameters and 48
experiments (Fig. 4.16). Then finite element analysis has been performed in 48
experimental points and 8 first dynamic characteristics have been determined.
Employing these numerical values, the approximating functions (response
surfaces) for all eigenfrequencies (in Hz) and corresponding loss factors were
obtained with the correlation coefficients higher than 90%:

¢=93.90%
£i=18.6-1.28%22+1.13/21 ¥22+0.0329/22*+0.592*21*22+0.000742/21°~0.923/z1
where z1=0.0+0.168*F

z2=0.5+0.138*E"”

¢=91.10%
17=0.1154+0.246/21+0.102*22-0.13/21%22+0.000429/21°—.091/22/21+0.0154/22*
where z1=0.0+0.168*F

z2=0.5+0.138*E"”

¢=95.20%
f>=95.9+7. 14*71-14.6/21+0.234/21>+10.8/21%22+2.18/22/z1
where z1=0.0+0.168*F

72=0.5+0.138*E"”

¢=93.60%
17,=0.153-0.0558/22—0.0661*z1+0.167/21-0.0864/22/z1
where z1=0.0+0.168*F

72=0.5+0.138*E"”

¢=96.10%
f5=220+33.3%21-12.2/z1+1.14/21°+11.5/21 *¥22°~1.25/21%*22
where z1=0.0+0.168*F
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Fig. 4.16 Plan of experiments.
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¢=96.50%
77320.045270.188/2270.325/22/21+O.66/zl+0.079/z22
where z1=0.388+0.187*F

72=0.500+0.138*E"”

¢=97.90%
f/262+107*z1+1 10%22-8.27/21+24.3/22+0.443/21°-52 3% 21 %22
where z1=0.0+0.168*FE

z2=0.5+0.138*E"”

¢=96.60%
n/~0.152+0.129%21-0.385/21-0.348*22+1.27/21%¥22-0.237/21**22*
where  z1=0.388+0.187*E

72=0.500+0.138*E "

¢c=97.80%

f5=563+81.4*z1-134/z1+29/72/21+89.2/z1*z2

where z1=0.388+0.187*E
72=0.500+0.138*E”

¢=96.50%

175=0.0927-0.0468/22—0.192/21+0.381/z1*z2

where z1=0.388+0.187*E
z2=0.500+0.138*E”

c=97.60%

=889+66.6%21+20.8%22—11%21°+6.89*22*

where z1=1.22+0.373*E
72=1.00+0.277*E”

¢=95.10%

16=0.2+0.196*22—0.0585*%21-0.0592*z1*z2

where z1=1.22+0.373*E
72=1.00+0.277*E"”

c=98.10%

£=1200+72.6%21+18.6%22-8.91*21*+7.04*22*

where z1=1.22+0.373*F
72=1.00+0.277*E”

¢c=97.50%
1n7=—0.266+0.587*22—0.154*z1+0.0815/22*z1-0.1 19%22?
where z1=0.0+0.168*E

7z2=0.5+0.138*E"”
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c=98.40%

f5=1560+76.7%21+16.2%22—7.22%21*+6.66*22*

where z1=—1.22+0.373*F
72=1.00+0.277*E”

¢=98.10%
1s=0.0952+0.276*22—0.0221/22+0.0176/z2*z1-0.0671*z1*22
where z1=0.0+0.168*E

z2=0.5+0.138*E"”

The error functional in this case is determined for each eigenmode using Eq.
(4.36). Minimising this functional, the material properties have been obtained for
each eigenfrequency (Table 4.20 and Fig. 4.17). Then the curve fitting procedure
is applied and the following shear modulus (in MPa) and loss factor as functions
on frequency are obtained

c=86.51%

G=2.783-1.023/z
where z=0.394+0.0003736*f

Table 4.20 Material properties identified for each eigenfrequency.

Mode | G n

n MPa

1 0.299 | 0.247
2 0.364 | 0.609
3 0.593 | 0.887
4 0.866 | 0.904
5 1.080 | 1.022
6 1.308 | 1.093
7 1.654 | 1.114
8 1.839 | 1.116

Shear modulus G, MPa

T
|
|
|
|
|
|

I+--—-—-—-—*— — — - - - — =
|
|
|
|
|
|
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Fig. 4.17 Viscoelastic material properties identified.

Revision number: 2 -100 - Restricted



CASSEM

c=89.88%
17=1.683+0.001468/2—0.5274/2"*
where z=0.005+0.0006134%*f

These dependencies are presented graphically in Fig. 4.17 with a line. To verify
them, graphs from the literature [4.53] have been used. Fig. 4.18 shows a very
good coincidence between identified and experimentally measured parameters.

The identified material properties have been verified comparing the results of
numerical experiment and results obtained numerically by the complex
eigenvalues method using the identified viscoelastic material properties. The
residuals for damped eigenfrequencies have been calculated using Eq. (4.39), but
for corresponding loss factors have been determined by the following expression

exp lFEM
A, = % «100% (4.47)

7;

Results of verification for the sandwich panel with the 3M viscoelastic damping
polymer ISD-112 used as a core material are given in Tables 4.21 and 4.22. It is
seen from these tables that the damped eigenfrequencies and corresponding loss
factors calculated by the finite element method using the viscoelastic properties
obtained trough identification procedure are in very good agreement with the
results of numerical experiment. The difference in terms of residuals for
eigenfrequencies is less than 1% in most cases and for loss factors is less than 5%
in most cases.

Loss factor

Shear modulus G , MPa

0 500 1000 1500 2000 0 500 1000 1500 2000
Frequency f,Hz Frequency f,Hz

Experiment == Identified Experement Identified

Fig. 4.18 Verification of viscoelastic material properties identified.
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Table 4.21 Verification of eigenfrequencies (Hz) using
the identified viscoelastic material properties.

Mode EXP FEM A, %
1 16 16 0
2 80 80 0
3 210 212 0.95
4 391 395 1.02
5 625 631 0.96
6 908 915 0.77
7 1241 1247 0.48
8 1622 1628 0.37

Table 4.22 Verification of loss factors using

the identified viscoelastic material properties.

Mode EXP FEM A, %
1 0.055 0.058 5.45
2 0.156 0.164 5.13
3 0.206 0.214 3.88
4 0.223 0.227 3.59
5 0.223 0.230 3.14
6 0.216 0.220 1.85
7 0.205 0.206 0.49
8 0.191 0.190 0.52

4.2.4 Conclusions

CASSEM

The inverse technique using vibration tests has been developed to characterise
advanced composite material properties. The non-direct optimisation methodology
based on the planning of experiments and response surface technique to minimise the
error functional has been applied in this case to decrease considerably the
computational efforts. The technique developed has been successfully tested to
characterise isotropic elastic material properties of homogeneous aluminium plates and
successfully applied to characterise orthotropic elastic material properties of laminated
plates and viscoelastic material properties of damping polymer ISD-112 used as a core

material in the sandwich panels.
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General conclusions

The following identification technique has been developed, tested and applied to
characterise advanced composite material properties:

>

The identification technique to characterise elastic and plastic material properties
from indentation tests,

The technique based on the computation of effective properties on a so-called
representative volume element to characterise the mechanical as well as
electrical properties of composite actuators/sensors with embedded fibres
made of piezoelectric material,

The inverse identification technique based on vibration tests to characterise
elastic, hysteretic, viscoelastic and piezoelectric material properties.

The inverse technique developed potentially offers a lot of benefits as compared
with many standard test procedures like tensile, bending, torsion and shear tests:

The inverse technique uses a test specimen produced with the same technique
as for the production of the construction in which the material is used. The
geometry of the test specimen can be adapted to the production technique
(plates, shells, arbitrary shapes, even real parts). In this way the test specimen
used in an inverse technique has the same material properties as in the
construction.

The inverse technique requires simple and cheap test equipment than standard
testing procedures, but remains fast and accurate. An inverse technique can
thus be considered as a good alternative for standard testing, even in the case
of simple material behaviour.

The use of non-contact sensors allows an obtaining of the material data under
more realistic operation conditions.

The inverse technique based on experiment design is fast and provides
simultaneously all the different material properties in the constitutive
behaviour of the test specimens.

The inverse technique is a non-destructive technique that enables many
repeated tests on the same specimen.

For some types of materials, like advanced composites, it is important to
avoid introducing damage in the test specimen. The inverse technique
provides more flexibility and less restriction in a choice of the test specimen
geometry.

The inverse technique procedure can be automated using PC based software
and can be implemented with a user-friendly graphical interface that is very
convenient for industrial applications.
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After investigations carried out it can be concluded that only the in-plane
mechanical properties are always evaluated without major discrepancies in
laminated single-material plates. However, already for the laminated plates made
from a few materials, considerable difficulties appear. The same can be said about
laminated plates made from viscoelastic materials, when the storage and loss
moduli are strongly dependent on frequency.

Identification of out-of-plane material properties playing considerable role in the
analysis of thick laminated plates also requires additional investigations, since the
plates tested in most studies are not thick enough for these moduli to be correctly
identified.

Additional investigations require characterisation of viscoelastic adhesive material
properties, damping polymers and foams, thermoplastic and woven composites,
when material properties are strongly dependent from the technological process
applied. In this case even structural components, instead of material samples, can
be used in the inverse problem to characterize their material properties from
vibration tests.

It is necessary to note also that dynamic characteristics determination especially for
highly damped structures in the medium and high frequency ranges by an
experimental technique does not give satisfied results and on this reason requires
additional investigations.
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